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COMPARISON OF FUZZY NUMBERSRANKING METHODSRafaª TyralaDepartment of MathematicsSilesian Universityul. Bankowa 14, 40-007 Katowice, Polande-mail: rtyrala@ux2.math.us.edu.plAbstractThe paper compares fuzzy numbers ranking methods used in recent papers.We present modi�ed attributes and a canonical representation of any fuzzynumber by a trapezoidal one. Moreover, fuzzy numbers with the same at-tributes are ranked with the use of new attribute describing a di�erence be-tween the considered fuzzy number and its canonical representation.1. IntroductionSince fuzzy numbers do not form a natural linear order, di�erent com-parison approaches are used. We remind a few methods of ranking whichcan be found in the literature. Particularly we examine the method pro-posed in [8]. We present an example which shows why fuzzy numberscannot be compared absolutely, but only relatively, what causes an im-possibility of creation the unique ranking for two �xed fuzzy numbersin this method. We also compare it with another method with metricapproach described in [7]. Finally we examine conformity of preferencerelation introduced in fuzzy numbers family with the usual order on realline, what leads to a description of certain equivalence relation. We mod-ify attributes de�ned in [2] and [3], and also introduce new attribute inorder to rank fuzzy numbers which belong to the same equivalence class.



94 Rafaª Tyrala2. Fuzzy numbersFirst, we remaind necessary facts on fuzzy numbers.De�nition 1 ([5]). By fuzzy number we call a convex fuzzy set
A : R → [0, 1] (i.e. ∀

x,y∈R

∀
λ∈(0,1)

A(λx + (1 − λ)y) ≥ A(x) ∧ A(y))ful�lling the conditions:
A is upper semicontinuous, ∨

A = 1, suppA is bounded.The family of all fuzzy numbers will be denoted by FN.After Goetschel and Voxman we characterize fuzzy numbers by thefollowingTheorem 1 ([6]). Let a, a : [0, 1] −→ R ful�ll following conditions:
a is increasing and bounded, (1)
a is decreasing and bounded, (2)

a(1) ≤ a(1), (3)
a, a are left continuous in [0, 1], (4)

a, a are right continuous in 0. (5)Then A : R −→ [0, 1] de�ned as
A(x) = sup{α : a(α) ≤ x ≤ a(α)}, x ∈ Ris a fuzzy number given in parametric form (a, a).Moreover, if A = (a, a) is a fuzzy number, then a and a ful�ll conditions(1) � (5).This characterization makes calculations of arithmetical operationsmore clear. Moreover, it gives a simple method of representing fuzzynumbers by their arms, specially useful for those which are not contin-uous (or even crisp).We can unambiguously signify trapezoidal fuzzy numbers T = (t, t)(this means those which have linear functions t, t) by a quadruple

T = 〈a, b, c, d〉, where a ≤ b ≤ c ≤ d, T (a) = T (d) = 0, T (b) = T (c) = 1.Special class of trapezoidal fuzzy numbers are symmetrical trapezoidalfuzzy numbers. Here it is enough to use three parameters and signifysymmetrical trapezoidal fuzzy number by
Ts = 〈m − c − d, m− c, m + c, m + c + d〉. (6)



Comparison of fuzzy numbers ranking methods 95A triangular fuzzy number Â is a special case of trapezoidal fuzzy number
A = 〈a1, a2, a3, a4〉, where a2 = a3. We will signify a triangular fuzzynumber by a triple Â = 〈â1, â2, â3〉 where â1 = a1, â2 = a2 = a3, â3 = a4.Example 1. Let A ∈ FN, A = (2α + 1
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), α ∈ [0, 1].
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Figure 1: A fuzzy number A and its parametric representation (a, a).
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mc cd dFigure 2: Trapezoidal and symmetrical trapezoidal fuzzy numbers.3. Ranking methodsIn this section we remind two di�erent methods of fuzzy numbers rank-ing. The �rst one was presented in [8].Let A, B ∈ FN be such that suppA, suppB 6= {m}. We need preferencefunctions given as follows:
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GA(x) :=

∫ ∞

x
A(t)dt

∫suppA
A(t)dt

, GB(x) =

∫ ∞

x
B(t)dt

∫suppB
B(t)dtwhich evaluate the fuzzy numbers A, B at each point x ∈ R.
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Figure 3: GA(x) is the ratio of shaded area over the total area.We de�ne the sets
ΩA := {x ∈ R : GA(x) > GB(x)}, ΩB = {x ∈ R : GB(x) > GA(x)},
Ω := suppA ∪ suppB.Let us notice that ΩA is a set composed of separated intervals, because
A is upper semicontinuous; similarly ΩB. Therefore, let |Ω|, |ΩA|, |ΩB|be lengths of sums of the component intervals of Ω, ΩA, ΩB, respectively.Now we can calculate the preference ratio for A, B as follows:

R(A) :=
|ΩA|
|Ω| , R(B) :=

|ΩB|
|Ω| .In other words, R(A) represents the percentage of Ω that A is morepreferred then B. Using preference ratios we de�ne the relation

A ≺1 B ⇔ R(A) < R(B). (7)This method, having other advantages, fails very important property ofcomparison - transitivity.



Comparison of fuzzy numbers ranking methods 97Example 2. Relation ≺1 is not transitive. Let A, B, C ∈ FN be trian-gular fuzzy numbers given in parametric form:
A = (19α+1, 20), B = (11,−9α+20), C = (1,−30α+31), for α ∈ [0, 1].We will show that A ≺1 B, B ≺1 C, C ≺1 A.
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3120111Figure 4: Fuzzy numbers A = 〈1, 20, 20〉, B = 〈11, 11, 20〉, C = 〈1, 1, 31〉.For triangular numbers, it is easy to calculate that
∫suppA

A(t)dt =

∫ 20

0

A(t)dt =
1

2
· 1 · 20 = 10,

∫suppB

B(t)dt =

∫ 20

11

B(t)dt =
1

2
· 1 · 9 = 4.5,

∫suppC

C(t)dt =

∫ 31

1

C(t)dt =
1

2
· 1 · 30 = 15.By the same procedure, we calculate

∫ ∞

x

A(t)dt =

∫ 20

x

A(t)dt =

∫ 20

0

A(t)dt −
∫ x

0

A(t)dt = 10 − 1

2
x · 1

20
x =

1

40
(−x2 + 400),

∫ ∞

x

B(t)dt =

∫ 20

x

B(t)dt =
1

2
·(20−x)·(−1

9
x+

20

9
) =

1

18
(x2−40x+400),

∫ ∞

x

C(t)dt =

∫ 31

x

C(t)dt =
1

2
·(31−x)·(− 1

30
x+

31

30
) =

1

60
(x2−62x+961).
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GA(x) =











1, x ∈ (−∞, 0),
1

400
(−x2 + 400), x ∈ [0, 20],

0, x ∈ (20,∞),

GB(x) =











1, x ∈ (−∞, 11),
1
81

(x2 − 40x + 400), x ∈ [11, 20],

0, x ∈ (20,∞),

GC(x) =











1, x ∈ (−∞, 1),
1

900
(x2 − 62x + 961), x ∈ [11, 31],

0, x ∈ (31,∞).It is obvious that A≺1 B. All over the interval (0, 11) we have GB(x) =
1 > GA(x), thus |ΩB| ≥ 11. Because of Ω = [0, 20] ∪ [10, 20] = [0, 20](so |Ω| = 20), we have R(B) = |ΩB |

|Ω|
> 1

2
, this means that R(B) > R(A).Now we consider fuzzy numbers B, C. Obviously, GB(x) < GC(x) for

x ∈ (20, 31) and GC(x) < GB(x) for x ∈ (1, 11).Let us �nd points inside interval [11, 20] in which GB(x) = GC(x).
GB(x)=GC(x)⇔ 1

81
(x2−40x+400) = 1

900
(x2−62x+961) for x ∈ [11, 20].After calculations we obtain the point x1 = 15.285 and the second one,which is outside the interval [11, 20]. Therefore, ΩB = [1, 15.285] whichmeans that |ΩB|=14.285. Because |Ω|=30, we obtain R(B)< 1

2
<R(C).Thus, B≺1 C. Similarly, we observe that for A, C there is GA(x)<GC(x)for x ∈ (0, 1) ∪ (20, 31).Let us �nd points inside interval [20, 31] in which GA(x) = GC(x).

GA(x) = GC(x) ⇔ 1
400

(−x2 +400) = 1
900

(x2−62x+961) for x ∈ [11, 20].After calculations we obtain the points x1 =1.04 and x2 =18.03. There-fore, ΩC = [0, 1.04] ∪ [18.03, 31] and ΩA = [1.04, 18.03] which meansthat |ΩC | = 14.01 and |ΩA| = 16.99. Because |Ω| = 31, we obtain
R(C) < 1

2
< R(A). Thus, C ≺1 A.Another method of fuzzy numbers comparison was presented in [7].De�nition 2 ([7]). A fuzzy number HΨ : IR → [0, 1] is called the lowerhorizon of the given familly Ψ ⊂ FN if sup(suppHΨ) ≤ inf(suppA), forany A ∈ Ψ.



Comparison of fuzzy numbers ranking methods 99De�nition 3 ([7]). Let A, B ∈ FN, H{A,B} denote a �xed lower horizonof {A, B} and d is a metric in FN. The relation ≺2 is given by
A ≺2 B ⇔ d(A, H{A,B}) ≤ d(B, H{A,B}). (8)Quite natural is thatRemark 1. Relation ≺2 depends on the choice of metric d. For ex-ample, discreet metric dr gives A ≺2 B for each A, B ∈ FN, because

dr(A, HA,B)=1=dr(B,HA,B).Let us consider the metric δp,q (cf.[7] De�nition 2.2, Theorem 2.1)
δp,q(A, B) :=

p

√

(1−q)

∫ 1

0

|a(α)−b(α)|pdα+q

∫ 1

0

|a(α)−b(α)|pdα, (9)for 1 ≤ p < ∞, A, B ∈ FN. The interesting question is: does the relation
≺2 depend on the choice of horizon, for metric δp,q with �xed p, q. It isproved thatTheorem 2 ([7]). The relation ≺2 based on metric δ1,q does not dependon the choice of any horizon.Unfortunately, the general answer to this question is negative.Example 3. Let p = 2, q = 1

2
in (9). We have

δ2, 1
2

(A, B) =
2

√

1

2
(

∫ 1

0

(a(α) − b(α))2dα +

∫ 1

0

(a(α) − b(α))2dα).The relation ≺2 based on metric δ2, 1
2

depends on the choice of horizon.Let A = (1
2
+α, 21

2
−α), B = (2α, 2), H1 = (0, 0), H2 = (2α−2, 0). Then

d(A, H1) =

√

31

12
<

√

32

12
= d(B, H1) ⇔ A ≺1 B,

d(A, H2) =

√

49

12
>

√

48

12
= d(B, H2) ⇔ B ≺1 A.
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Figure 5: Fuzzy numbers A = (1
2
+ α, 21

2
−α), B = (2α, 2) and horizons

H1 = (0, 0), H2 = (2α − 2, 0).From this example we can see that the choice of the horizon candecide on the �nal result. Particularly, if we consider at least three fuzzynumbers, we need to �x horizon, what is a necessary condition for ≺2being transitive relation. It forms the new problem: how to choose thehorizon. We will not investigate it here but will rather propose anothermethod of ranking, using a special kind of description of fuzzy numbers.4. Characterizing indexes for fuzzy numberIn papers [2] and [3] the authors introduce three attributes for fuzzynumbers, which we remind here.De�nition 4 ([3]). Let A = (a, a) be a fuzzy number, A′ : IR → [0, 1]be a function A′(x) := 1 − A(x), and s : [0, 1] → [0, 1] be an increasingfunction which ful�lls s(0) = 0, s(1) = 1. Value, ambiguity and fuzzinesof A are the functions V al, Amb, Fuz : FN → IR given as follows:
V al(A) :=

∫ 1

0

s(α)[a(α) + a(α)]dα,

Amb(A) :=

∫ 1

0

s(α)[a(α) − a(α)]dα,
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Fuz(A) :=

∫ 1

0

s(α)[a(0) − a(0)]dα −
[

∫ 1

1

2

s(α)[a′(α) − a(0)]dα

+

∫ 1

1

2

s(α)[a(α) − a(α)]dα +

∫ 1

1

2

s(α)[a(0) − a′(α)]dα

+

∫ 1

2

0

s(α)[a(α) − a(0)]dα +

∫ 1

2

0

s(α)[a′(α) − a′(α)]dα

+

∫ 1

2

0

s(α)[a(0) − a(α)]dα
]

.These three attributes give us an information about a location anda shape of fuzzy number, which they describe. The authors suggest touse these attributes for representation of fuzzy number by trapezoidalfuzzy number having the same attributes. However, there are examplesshowing that not every fuzzy number can be represented in this way. Itwas only proved that if A is a concave function, then A is representableby a trapezoidal fuzzy number.We modify attributes V al, Amb, Fuz in this way, that using new at-tributes V al∗, Amb∗, Fuz∗ we can represent every fuzzy number by thetrapezoidal one.De�nition 5. V al∗, Amb∗, Fuz∗ : FN → R are the functions given as:
V al∗(A) :=

1

2

∫ 1

0

[a(α) + a(α)]dα, (10)
Amb∗(A) :=

∫ 1

0

[a(α) − a(α)]dα, (11)
Fuz∗(A) :=

Amb∗(A) − (a(1) − a(1))

Amb∗(A)
. (12)Remark 2. If A ∈ FN has exactly one point x ∈ IR, where A(x) = 1(i.e. a(1) = a(1)), then Fuz∗(A) = 1.Remark 3. If A ∈ FN, A(x) = χ[a,b] is a characteristic function,then Fuz∗(A) = 0.



102 Rafaª TyralaFor symmetrical trapezoidal fuzzy number
Ts = 〈m − c − d, m − c, m + c, m + c + d〉it is easy to calculate that

V al∗(Ts) = m, Amb∗(Ts) = 2c + d, Fuz∗(Ts) = d
2c+d

.Solving for c and d, we get
m = V al∗(Ts), (13)

c =
Amb∗(Ts)(1 − Fuz∗(Ts))

2
, (14)

d = Fuz∗(Ts) · Amb∗(Ts). (15)Let us notice that (di�erently than in [3]) Amb∗(A)(1−Fuz∗(A))
2

≥ 0and Fuz∗(A) · Amb∗(A) ≥ 0, for every A ∈ FN. Thus, it is possi-ble to represent any fuzzy number (not only with concave membershipfunction) by symmetrical trapezoidal fuzzy number.Example 4 (cf. [3], Example 3). Let A = (2α− 2,−√
α+1). We have

V al∗(A) =
1

2

∫ 1

0

[−
√

α + 1 + 2α − 2]dα = −1

3
,

Amb∗(A) =

∫ 1

0

[−
√

α + 1 − (2α − 2)]dα = 1
1

3
,

Fuz∗(A) = 1,on the basis of Remark 2. From (13)-(15), we get
m = −1

3
, c = 0, d = 1

1

3
.Thus, from (6) the symmetrical trapezoidal representation of A (actuallya symmetrical triangular fuzzy number) is Ts = 〈−11

3
,−1

3
,−1

3
, 1〉.We can also easy represent triangular and trapezoidal fuzzy numbersby symmetrical ones.
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-2 -1 0 1Figure 6: Fuzzy number A and its symmetrical trapezoidalrepresentation Ts.Corollary 1. Let A = 〈a1, a2, a3, a4〉 be a trapezoidal fuzzy number.Then
V al∗(A) =

1

4
(a1 + a2 + a3 + a4),

Amb∗(A) =
1

2
(−a1 − a2 + a3 + a4),

Fuz∗(A) =
(a4 − a1) − (a3 − a2)

(a4 − a1) + (a3 − a2)
.Corollary 2. Let Â = 〈â1, â2, â3〉 be a triangular fuzzy number. Then

V al∗(Â) =
1

4
(â1 + 2â2 + â3),

Amb∗(Â) =
1

2
(â3 − â1),

Fuz∗(Â) = 1.5. Equivalence relation in FNIn this section, we introduce equivalence relation in the set of fuzzynumbers using attributes V al∗, Amb∗, Fuz∗.De�nition 6. Let A, B ∈ FN. A, B are equivalent (A ∼= B) i�
(V al∗(A), Amb∗(A), Fuz∗(A)) = (V al∗(B), Amb∗(B), Fuz∗(B)).



104 Rafaª TyralaTheorem 3. If A, B ∈ FN and A ∼= B, then
∫ 1

0

(a(α) − b(α))dα = 0,

∫ 1

0

(a(α) − b(α))dα = 0. (16)Proof. Let A, B ∈ FN. Then V al∗(A) = V al∗(B) and Amb∗(A) =
Amb∗(B). This means that

1

2

∫ 1

0

[a(α) + a(α)]dα =
1

2

∫ 1

0

[b(α) + b(α)]dα,

∫ 1

0

[a(α) − a(α)]dα =

∫ 1

0

[b(α) − b(α)]dα.Thus,
∫ 1

0

[(a(α) + a(α)) − (b(α) + b(α))]dα = 0and
∫ 1

0

[(a(α) − a(α)) − (b(α) − b(α))]dα = 0.Adding and subtracting these integrals, we get (16).Theorem 4. Let A = 〈a1, a2, a3〉 be a triangular fuzzy number. Then atriangular fuzzy number B is equivalent to A (in the sense of relation ∼=)i� B = 〈a1 + a2 − b, b, a2 + a3 − b〉, b ∈ [a1+a2

2
, a2+a3

2
].Proof. (⇒) Let A = 〈a1, a2, a3〉 , B = 〈b1, b, b3〉 and A ∼= B. Since

{

1
4
(a1 + 2a2 + a3) = 1

4
(b1 + 2b + b3),

1
2
(a3 − a1) = 1

2
(b3 − b1),then solving the above system with respect to b1 and b3 with a parameter

b, we get
{

b1 = a1 + a2 − b

b3 = a3 + a2 − bBecause b1 ≤ b2 ≤ b3, so b ∈ [a1+a2

2
, a2+a3

2
].

(⇐) Let A=〈a1, a2, a3〉, B=〈a1+a2−b, b, a2+a3−b〉 for b ∈ [a1+a2

2
, a2+a3

2
].From Corollary 2

V al∗(B) =
1

4
(a1 +a2−b+2b+a2 +a3−b) =

1

4
(a1 +2a2 +a3) = V al∗(A),
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Amb∗(B) =

1

2
(a2 + a3 − b − (a1 + a2 − b)) =

1

2
(a3 − a1) = Amb∗(A).From Remark 2 Fuz∗(B) = 1 = Fuz∗(A). Thus A ∼= B.The next example describes the families of triangular and trapezoidalfuzzy numbers with the same attributes V al∗, Amb∗, Fuz∗.Example 5. Let A = 〈1, 3, 4〉 be a triangular fuzzy number. As a resultof Theorem 4, we can specify all triangular fuzzy numbers equivalent to

A given by a triple 〈a1 + a2 − b, b, a2 + a3 − b〉 for b ∈ [a1+a2

2
, a2+a3

2
].In particular, we have BL for b = a1+a2

2
and BU for b = a2+a3

2
. For

b = a1+a2

2
= 2 we get BL = 〈2, 2, 5〉 and for b = a2+a3

2
= 3.5 we get

BU = 〈0.5, 3.5, 3.5〉.
0 1 2 3 4 5

0

1

2

0

1

ABL BU

0 1 2 3 4 5Figure 7: An example of three equivalent triangular fuzzy numbers.Similarly as in the proof of Theorem 4, on the strength of Corollary 1we getTheorem 5. Let A = 〈a1, a2, a3, a4〉 be a trapezoidal fuzzy number.Then a trapezoidal fuzzy number B is equivalent to A (in the senseof relation ∼=) i� B = 〈b, a1 + a2 − b, a1 + a3 − b, a4 − a1 + b〉 for
b ∈ [2a1+a3−a4

2
, a1+a2

2
].Example 6. Let A = 〈1, 2, 3, 4〉 be a trapezoidal fuzzy number. Asa result of Theorem 5, we can specify all trapezoidal fuzzy numbersequivalent to A given by a quadruple 〈b, a1+a2−b, a1+a3−b, a4−a1+b〉for b ∈ [2a1+a3−a4

2
, a1+a2

2
]. In particular we have BL for b = a1+a2

2
and BUfor b = 2a1+a3−a4

2
. For b = a1+a2

2
= 1.5 we get BL = 〈1.5, 1.5, 2.5, 4.5〉and for b = 2a1+a3−a4

2
= 0.5 we get BU = 〈0.5, 2.5, 3.5, 3.5〉.
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0 1 2 3 4 5
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ABL BU

0 1 2 3 4 5Figure 8: Example of three equivalent trapezoidal fuzzy numbers.Here we present some properties of attributes V al∗, Amb∗, Fuz∗.Lemma 1. Let A, B ∈ FN. If Amb∗(A) = Amb∗(B) and Fuz∗(A) =
Fuz∗(B), then a(1) − a(1) = b(1) − b(1).Proof. Let A, B ∈ FN. From Fuz∗(A) = Fuz∗(B), we have

Amb∗(A) − (a(1) − a(1))

Amb∗(A)
=

Amb∗(B) − (b(1) − b(1))

Amb∗(B)
.Since Amb∗(A) = Amb∗(B), then a(1) − a(1) = b(1) − b(1).Similarly, we getLemma 2. Let A, B ∈ FN. If Amb∗(A) = Amb∗(B) and Fuz∗(A) >

Fuz∗(B), then a(1) − a(1) < b(1) − b(1).Lemma 3. Let A, B ∈ FN, t > 0. Then
V al∗(A + B) = V al∗(A) + V al∗(B), V al∗(tA) = tV al∗(A).Proof. Let A, B ∈ FN. Then also A + B ∈ FN. One can calculate that

V al∗(A+B)=
1

2

∫ 1

0

[(a+b)(α)+(a+b)(α)]dα

=
1

2

∫ 1

0

[a(α)+b(α)+a(α)+b(α)]dα

=
1

2

∫ 1

0

[a(α)+a(α)]dα+
1

2

∫ 1

0

[b(α)+b(α)]dα

= V al∗(A)+V al∗(B).



Comparison of fuzzy numbers ranking methods 107Let t > 0. Then also tA ∈ FN. Similarly, one can calculate that
V al∗(tA) =

1

2

∫ 1

0

[(ta)(α) + (ta)(α)]dα

=
1

2

∫ 1

0

t[a(α) + a(α)]dα = tV al∗(A).Lemma 4. Let A, B ∈ FN, t > 0. Then
Amb∗(A + B) = Amb∗(A) + Amb∗(B), Amb∗(tA) = tAmb∗(A).Proof. Let A, B ∈ FN. Then

Amb∗(A+B)=

∫ 1

0

[(a+b)(α)−(a+b)(α)]dα

=

∫ 1

0

[a(α)+b(α)−(a(α)+b(α))]dα

=

∫ 1

0

[a(α)−a(α)]dα+

∫ 1

0

[b(α)−b(α)]dα=Amb∗(A)+Amb∗(B).Similarly,
Amb∗(tA)=

∫ 1

0

[(ta)(α)+(ta)(α)]dα=

∫ 1

0

t[a(α)+a(α)]dα= tAmb∗(A).Lemma 5. Let A, B ∈ FN. If Amb∗(A) = Amb∗(B) > 0, then
Fuz∗(A + B) ≤ Fuz∗(A) + Fuz∗(B).Proof.

Fuz∗(A + B) =
Amb∗(A + B) − [(a + b)(1) − (a + b)(1)]

Amb∗(A + B)

=
Amb∗(A) + Amb∗(B) − [a(1) + b(1) − (a(1) + b(1))]

Amb∗(A) + Amb∗(B)

=
Amb∗(A) − [a(1) − a(1)]

Amb∗(A) + Amb∗(B)
+

Amb∗(B) − [b(1) − b(1)]

Amb∗(A) + Amb∗(B)

≤ Fuz∗(A) + Fuz∗(B).



108 Rafaª TyralaNow we de�ne a new attribute for fuzzy number, which describe thedi�erence between an original fuzzy number and its symmetrical trape-zoidal representation.De�nition 7. Let Ts = (ts, ts) be a symmetrical trapezoidal represen-tation of fuzzy number A = (a, a). The di�erence of A is a function
Dif ∗ : FN → R given as follows Dif ∗(A) := a(1) − ts(1).Obviously, on the strength of Lemma 1,Remark 4. If A = (a, a) ∈ FN, Ts = (ts, ts) is symmetrical trapezoidalrepresentation of A, then Dif ∗(A) = a(1) − ts(1).Using attributes V al∗, Amb∗, Fuz∗, Dif ∗ we de�ne new ranking forfuzzy numbers.De�nition 8. Let A, B ∈ FN. Then A ≺3 B i� A, B ful�ll one of thefollowing conditions:

V al∗(A) < V al∗(B), (17)
V al∗(A) = V al∗(B), Amb∗(A) < Amb∗(B), (18)

V al∗(A) = V al∗(B), Amb∗(A) = Amb∗(B), Fuz∗(A) > Fuz∗(B), (19)
A ∼= B, Dif ∗(A) < Dif ∗(B). (20)Remark 5. Fuzzy numbers A, B with all identical attributes

V al∗(A) = V al∗(B), Amb∗(A) = Amb∗(B), Fuz∗(A) = Fuz∗(B),
Dif ∗(A) = Dif ∗(B) are indistinguishable in the sense of relation ≺3.Theorem 6. The relation ≺3 forms a strict partial order in FN (i.e.
≺3 is asymmetric, irre�exive and transitive).Proof. Let A, B ∈ FN and A ≺3 B. Directly from De�nition 8 we obtainfour cases:A1.) if (17), then V al∗(B) 
 V al∗(A), thus it is not (B ≺3 A).



Comparison of fuzzy numbers ranking methods 109A2.) if (18), then V al∗(B) = V al∗(A), but Amb∗(B) 
 Amb∗(A), thusit is not (B ≺3 A).A3.) if (19), then V al∗(B) = V al∗(A), Amb∗(B) = Amb∗(A), but
Fuz∗(B) � Fuz∗(A), thus it is not (B ≺3 A).A4.) if (20), then B ∼= A, but Dif ∗(B) ≮ Dif ∗(A), thus it is not
(B ≺3 A). This means that (A ≺3 B) ⇒∼ (B ≺3 A) (≺3 isasymmetric).Immediately we get ∼ (A ≺3 A) (≺3 is irre�exive).For showing ((A ≺3 B) and (B ≺3 C)) ⇒ (A ≺3 C) (transitivity), weneed to check 16 cases. We show here only three of them. It is easy tocheck the remaining cases similarly.Let (A ≺3 B) and (B ≺3 C).T1.) if A, B ful�ll (17) and B, C ful�ll (17), then A, C ful�ll (17),thus A ≺3 C.T2.) if A, B ful�ll (17) and B, C ful�ll (18), then A, C ful�ll (17),thus A ≺3 C.T3.) if A, B ful�ll (19) and B, C ful�ll (19), then A, C ful�ll (19),thus A ≺3 C.The order ≺3 ful�lls two basic properties.Theorem 7. Let A, B, C ∈ FN. If A ≺3 B, then A + C ≺3 B + C.Proof. Let A, B, C ∈ FN and A ≺3 B. We need to check four cases:I. V al∗(A) < V al∗(B). Then, from Lemma 3,

V al∗(A+C) = V al∗(A)+V al∗(C) < V al∗(B)+V al∗(C) = V al∗(B+C).Thus, A + C ≺3 B + C.



110 Rafaª TyralaII. V al∗(A) = V al∗(B), Amb∗(A) < Amb∗(B). Then, from Lemma 3,
V al∗(A + C) = V al∗(B + C)and from Lemma 4

Amb∗(A+C)=Amb∗(A)+Amb∗(C)<Amb∗(B)+Amb∗(C)=Amb∗(A+C).Thus, A + C ≺3 B + C.III. V al∗(A) = V al∗(B), Amb∗(A) = Amb∗(B), Fuz∗(A) > Fuz∗(B).From Lemma 3 and 4,
V al∗(A + C) = V al∗(B + C), Amb∗(A + C) = Amb∗(B + C).

Fuz∗(A + C) =
Amb∗(A) + Amb∗(C) − [(a + c)(1) − (a + c)(1)]

Amb∗(A) + Amb∗(C)

=
Amb∗(B)+Amb∗(C)−[a(1)+b(1)+c(1)−a(1)−b(1)−c(1)−b(1)+b(1)]

Amb∗(B) + Amb∗(C)

= Fuz∗(B + C) − (a(1) − a(1)) − (b(1) − b(1))

Amb∗(B) + Amb∗(C)
.On the basis of Lemma 2, (a(1)−a(1))−(b(1)−b(1))

Amb∗(B)+Amb∗(C)
< 0, so we get

Fuz∗(A + C) > Fuz∗(B + C). Thus, A + C ≺3 B + C.IV. A ∼= B, Dif ∗(A) < Dif ∗(B). From Lemma 1, 3 and 4, we have
(A + C) ∼= (B + C). Let Ts = (ts, ts) be a symmetrical trapezoidalrepresentation of A + C and B + C. Then

Dif ∗(A + C) = (a + c)(1) − ts(1) = a(1) + c(1) − ts(1)

< b(1) + c(1) − ts(1) = (b + c)(1) − ts(1)

= Dif ∗(B + C).Thus, A + C ≺3 B + C.Similarly, the following theorem can be proved:Theorem 8. Let A, B ∈ FN+, t > 0 . If A ≺3 B, then tA ≺3 tB.



Comparison of fuzzy numbers ranking methods 1116. Concluding remarksIn this paper we discuss two methods of ranking fuzzy numbers pre-sented in recent papers. The shortcomings of both methods cause us touse modi�ed attributes for representing any fuzzy number by a symmet-rical trapezoidal one. Additionally, we create the new attribute whichdescribes the di�erence between a fuzzy number and its symmetricaltrapezoidal representation. By means of all these attributes we form anew ranking method. Then we investigate basic properties, in particular,the transitivity of that ranking.References[1] S. Chanas. On interval approximation of fuzzy number. Fuzzy SetsSyst. 122, 353�356, 2001.[2] M. Delgado, M.A. Vila, W. Voxman. On a canonical representa-tion of fuzzy numbers. Fuzzy Sets Syst. 93, 125�135, 1998.[3] M. Delgado, M.A. Vila, W. Voxman. A fuzziness measure for fuzzynumbers: Applications. Fuzzy Sets Syst. 94, 205�216, 1998.[4] D. Dubois, H. Prade. A uni�ed view of ranking techniques forfuzzy numbers. Proc. IEEE Int. Conf. Fuzzy Syst., Seoul, Korea,1328�1333, 1999.[5] R. Goetschel, W. Voxman. Topological properties of fuzzy num-bers. Fuzzy Sets Syst. 9, 87�99, 1983.[6] R. Goetschel, W. Voxman. Elementary fuzzy calculus. Fuzzy SetsSyst. 18, 31�34, 1986.[7] P. Grzegorzewski. Metrics and orders in space of fuzzy numbers.Fuzzy Sets Syst. 97, 83�94, 1998.[8] M. Modarres, S. Sadi-Nezhad. Ranking fuzzy numbers by prefer-ence ratio. Fuzzy Sets Syst. 118, 429�436, 2001.[9] X. Wang, E.E. Kerre. Reasonable properties for the ordering offuzzy quantities (I),(II). Fuzzy Sets Syst. 118, 375�385, 387�405,2001.


