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ABOUT THE WAYS OF DEFINING CONNECTED SETS
IN THE TOPOLOGICAL SPACES

KATARZYNA DOMAŃSKA AND MAŁGORZATA WRÓBEL

Abstract

A topological space is called connected if it is not the union of two disjoint, nonempty
and open sets in this space. The standard exercises show that here the concept of open
sets can be replaced by closed sets or separated sets. In this context we will discuss
the definition of connected sets in topological spaces, not being the whole space with
particular regard to metric spaces, without the term of subspace topology.

1. Introduction

To explain where the problem comes from, let us recal that a topological
space (X, T ) is connected if it is not the union of two disjoint, nonempty,
closed sets in this space, i.e., a topological space (X, T ) is connected if the
conditions

(1) X = A ∪B, A = clA, B = clB, A 6= ∅, B 6= ∅,

imply A ∩ B 6= ∅. So, if the sets A and B satisfy (1) and A ∩ B = ∅,
then both X\B = A and X\A = B are also open. Therefore, in the
definition of connected spaces the assumption of closedness of sets occurring
in the partition of X can be replaced by the assumption of their openness.
Similarly, the standard exercises show that open sets can be replaced also
by separated sets (see [1], Definition 2). On the other hand, the set that
is not the whole topological space is connected in a topological space if
it is connected under its subspace topology. In this connection a natural
question arrises: can we define a connectedness of sets without the term of
subspace topology, i.e., is it true that the set is connected if it cannot be
written as the union of two disjoint, nonempty and open or separated sets
in the space topology?
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2. Results

Let X be a nonempty set and let (X, T ) stand for the topological space.
For any A ⊂ X, the closure of A will be denoted by clA and the interior of
A by intA.

Given M ⊂ X, we denote by (M, TM ) the topological subspace of (X, T )
with the relative topology induced on the setM , where TM := {U ∩M : U ∈ T }.
Let clMA and intMA stand for the closure and the interior of A ⊂ M in
(M, TM ), respectively. It is well known that for any topological space (X, T )
and M ⊂ X, M 6= ∅, A ⊂M , we have

(2) clMA =M ∩ clA.
Now we give the following definitions.

Definition 1. (see [2], Corollary 6.1.2) A topological space (X, T ) is said
to be connected if it is not the union of two disjoint, nonempty and closed
subsets of X.

Definition 2. (see [1], p. 88) Let (X, T ) be a topological space. Two subsets
A and B of X are called separated in (X, T ), if

A ∩ clB = ∅ and B ∩ clA = ∅.

Notice, that two disjoint, nonempty sets are separated if, none of them
has the accumulation points of the second one. In particular, two disjoint,
nonempty closed or open sets are separated. Moreover, any two separated
sets automatically are disjoint.

Using the standard methods we can get the following.

Remark. Any topological space (X, T ) is connected if, and only if, X is
not the union of two separated sets in (X, T ).

A classical definition of connected set reads as follows.

Definition 3. (see [2], p. 408) A subset M of X is called connected in the
topological space (X, T ), if a subspace (M, TM ) is connected.

In the course of mathematical analysis we rather rarely use a definition
of a connected set as a connected subspace (as we are doing in the above
definition). Now, we give two conditions, without the notion of subspace
topology, equivalent to the connectivity of sets in topological spaces (The-
orem 1 and Theorem 2). We will need the following lemma.

Lemma 1. Let (X, T ) be a topological space and let M ⊂ X. Then the sets
A,B ⊂ M are separated in the subspace (M, TM ) if, and only if, they are
separated in the space (X, T ).
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Proof. Applying (2), for any sets A,B ⊂M, we have clMA =M ∩ clA and
clMB =M ∩ clB, so

B ∩ clMA = B ∩ (M ∩ clA) = (B ∩M) ∩ clA = B ∩ clA
and

A ∩ clMB = A ∩ (M ∩ clB) = (A ∩M) ∩ clB = A ∩ clB.
Hence, the separatedness of the sets A,B ⊂ M in the space (M, TM ) (i.e.,
B ∩ clMA = ∅ and A ∩ clMB = ∅) implies their separatedness in (X, T )
(i.e., B ∩ clA = ∅ and A ∩ clB = ∅) and conversely. �

Now we are in a position to give a following theorem.

Theorem 1. In any topological space (X, T ) the set M ⊂ X is connected
if, and only if, it is not the union of two separated sets in (X, T ) .

Proof. Suppose first that there exist two sets A,B ⊂ X separated in the
space (X, T ) such that M = A ∪B. Obviously, A,B ⊂M and, by Lemma
1, the sets A and B are also separated in the subspace (M, TM ). Thus,
taking into account Remark 1, the subspace (M, TM ) is not connected.

Suppose now that the set M ⊂ X is not connected in the space (X, T ),
whence (M, TM ) is not connected space. Applying Remark 1, there exist
two sets A,B ⊂ M separated in the space (M, TM ) such that M = A ∪ B.
Therefore, by Lemma 1, the sets A and B are also separated in the space
(X, T ), and, consequently, the set M can be written as the union of two
separated sets in (X, T ), which completes the proof. �

Definition 4. We say that a set M ⊂ X is separated by two sets A,B ⊂ X
in the topological space (X, T ) if

M ⊂ A ∪B, A ∩B = ∅, M ∩A 6= ∅, M ∩B 6= ∅.

Corollary 1. The set M ⊂ X is connected in the topological space (X, T )
if, and only if, it can not be separated by two separated sets in this space.

Indeed, suppose first that there exist two sets A,B ⊂ X separated in
the space (X, T ) such that M ⊂ A ∪ B and M ∩ A 6= ∅, M ∩ B 6= ∅.
Then M = (M ∩ A) ∪ (M ∩ B) and the sets M ∩ A and M ∩ B are
separated in the space (X, T ), because cl(M ∩A) ⊂ clA and M ∩B ⊂ B,
so cl(M∩A)∩(M∩B) ⊂ clA∩B = ∅. Thus, and by fact that cl(M∩B) ⊂ clB
and M ∩A ⊂ A, we get cl(M ∩B)∩ (M ∩A) ⊂ clB∩A = ∅. It follows that
the set M can be represented as the union of two separated sets in (X, T ),
which contradicts our assumption that M is connected (see Theorem 1).
The converse implication is obvious.

Using the definition of connected space and by Remark 1, the space
(X, T ) is connected if the set X can not be expressed as a union of two
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disjoint and nonempty open or closed sets, or as the union of two separated
sets. In view of Corollary 1 a natural question arises: can we replace, in
this corollary, separated sets by disjoint and nonempty open sets or by
disjoint and nonempty closed sets? Now, we present two examples of giving
a negative answer to this question.

Example 1. Let M = (a, b) ∪ (b, c), where a, b, c ∈ IR, a < b < c, and let
Tde denote a natural topology on the straight line. Although the set M can
not be separated by two closed sets in the space (IR, Tde), it is not connected
as the union of two separated sets in (IR, Tde).
Example 2. Let Ts be a topology of at most finite complements in the set
of natural numbers, i.e.,

Ts =

{
U ⊂ N: U = ∅ or

∨
F⊂N

(cardF < χ0 ∧ U = N\F )

}
.

Then the set M = {1, 2} = {1} ∪ {2} can not be separated by two open sets
in the space (N,Ts), but in spite of this fact it is not connected, because the
sets {1} and {2}, as disjoint and closed, are separated in (N,Ts).

However, the following two lemmas are satisfied.

Lemma 2. If the set M ⊂ X is connected in the topological space (X, T )
then it is not included in the union of two disjoint, nonempty and closed
subsets in this space, i.e.,

∼

( ∨
A,B⊂X

(
A 6= ∅ ∧B 6= ∅ ∧X\A ∈ T ∧X\B ∈ T ∧A ∩B = ∅ ∧

∧ M ⊂ A ∪B
))

.

Proof. Suppose that there exists two sets A,B ⊂ X disjoint, nonempty and
closed in topological space (X, T ) such that M ⊂ A ∪ B. Then, A ∩M
and B ∩M are closed in subspace (M, TM ), obviously they are disjoint
and nonempty and M = (A∩M)∪ (B ∩M). It follows that the topological
subspace (M, TM ) is not connected space and, by Definition 3, the set M is
not connected in topological space (X, T ). �

Lemma 3. If the set M ⊂ X is connected in topological space (X, T ) then
it is not included in the union of two disjoint, nonempty and open subsets
in this space, i.e.,

∼

 ∨
A,B⊂X

(
A 6= ∅ ∧B 6= ∅ ∧A ∈ T ∧B ∈ T ∧A ∩B = ∅ ∧M ⊂ A ∪B

) .
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The proof of this lemma is analogous to the proof of Lemma 2 with this
difference that we use the fact that if A,B ⊂ X are open in (X, T ), then
the sets A ∩M and B ∩M are open in (M, TM ), too.

Examples 1 and 2 show that the inverses of lemmas 2 and 3 generally do
not occur. However, there are some spaces in which the inverse implication
occurring in Lemma 3 is true.

Let us recall the following three definitions.

Definition 5. A topological space (X, T ) is said to be T1 – space, if every
singleton is closed, i.e.,

(3)
∧
x∈X

(
{x} = cl{x}

)
.

Definition 6. (see [1], p. 56) A topological space (X, T ) is said to be
normal or T4 – space, if it is T1 – space and

(4)
∧

E,F⊂XE=clE,F=clF

E∩F=∅

∨
U,V ∈T

(E ⊂ U ∧ F ⊂ V ∧ U ∩ V = ∅).

Definition 7. (see [1], p. 87) A topological space is said to be hereditary
normal if every its subspace is normal.

Before formulating the next theorem we will need the following lemma.

Lemma 4. (see [1], Theorem 2.1.7) For any T1-topological space (X, T ) the
following three statements are equivalent:

(1) The space (X, T ) is hereditary normal,
(2) Every subspace of (M, TM ),where ∅ 6=M ∈ T , is normal,
(3) for every pair A,B of separated subsets of X there exist open sets

U, V ⊂ X such that A ⊂ U, B ⊂ V and U ∩ V = ∅.

Theorem 2. Let (X, T ) be a hereditary normal topological space. Then the
set M ⊂ X is connected in the space (X, T ) if, and only if, it can not be
separated by two open subsets in this space.

Proof. Suppose first that M ⊂ X is not connected in the topological space
(X, T ). Taking into account Theorem 1, we get the existence of two sets
A,B ⊂ X separated in the space (X, T ) such that M = A ∪ B. According
to Lemma 4, there exists open sets U, V ⊂ X such that A ⊂ U and B ⊂ V
and U ∩ V = ∅. Therefore M ⊂ U ∪ V, where U, V are disjoint, nonempty
and open subsets in the space (X, T ).

The converse implication follows from Lemma 3. �

Since the topological spaces with topology induced by metric are hered-
itary normal, we get the following corollary.
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Corollary 2. The set M ⊂ X is connected in topological space (X, Td),
where Td is a topology induced by the metric d, if and only if, it can not be
separated by two open subsets in the general topology of this space.

3. Conclusion

The above corollary gives a condition equivalent to the connectivity of
sets in topological space with topology induced by a metric. This condi-
tion same as the condition occuring in Theorem 1 is often presented in a
mathematical analysis (in which we investigate mainly metric spaces) as a
definition of a connected set.
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CLIL METHOD IN MATHEMATICS TEACHING AT
UNIVERSITY LEVEL

ANNA OLEK

Abstract

In this article I intend to present implementation of the CLIL method at the Interna-
tional Faculty of Engineering of Lodz University of Technology and share my experience
I have gained while working as an academic teacher there. I will point out challenges
facing lecturers who teach in a foreign language as well as satisfaction this work brings.

1. Introduction

Studying in Poland in a foreign language has become very common, so
gradually a larger percentage of lecturers are involved in giving courses
whose language of instruction is not Polish. Within the framework of Study
in Poland project, initiated in 2005, Polish universities have already offered
over 400 study programmes in English. The CLIL method has also been
introduced at secondary schools as part of mainstream education. According
to a Eurydice Network report ([2]) during the 2003/04 school year there were
94 lower and upper secondary schools offering CLIL type classes (40 of them
had English as the second language of instruction).

Young people has often acquired education in languages different from
their native ones. This phenomenon has a long history. It is worth men-
tioning that studying in a foreign language was not always a result of volun-
tary decision but was due to various complicated, historical circumstances.
Nowadays, it is usually caused by students’ ambition to develop compre-
hensively and gain internationally recognized qualifications.

The concept of Content and Language Integrated Learning (CLIL) was
introduced by David Marsh and Anne Maljers in 1994. International Fac-
ulty of Engineering (IFE) was established as a unit of Lodz University of
Technology in 1993. BSc and MSc courses are taught completely in English
or in French and are free of charge for all students from EU countries. There
are nine first degree study programmes in English and one in French. They
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are offered in cooperation with six faculties of the university. There are also
second degree studies available at IFE. At present the unit has nearly 1400
students and a quarter of them are foreign students.

I have been teaching IFE students for over twenty years. While giving
various mathematics courses in English I have had opportunity to put the
CLIL method into practice. I could also observe how students adapt to
studying in a foreign language and monitor their development during sev-
eral mathematics courses they were attending. Depending on their study
programme such courses lasted up to four semesters.

2. Challenges facing university students

All candidates who wish to study at the International Faculty of Engi-
neering should prove they have sufficient knowledge of the language they
need for their studies. If foreigners wish to study at IFE they should hold
an appropriate language certificate (detailed information can be found on
the university website). As for candidates from Poland they should gain at
least 30% for matura exam at advanced level. Meeting these requirements
combined with having good knowledge of secondary school mathematics
and physics are considered sufficient to undertake studies at the technical
university.

Based on my experience I may confirm that knowledge of English at the
level described above enables students to acquire new mathematical skills
and study areas of mathematics they did not know before. After a short
(2-3 weeks long) adaptation period students actively participate in classes,
ask questions and present their ideas clearly. Later if they turn out to
have some problems to pass tests and exams it is not caused by insufficient
knowledge of English but rather of mathematics as such.

Among IFE students there are many whose knowledge of English is better
than requirements presented above. I noticed however that a well prepared
lecture may be understood by a group of people who are not proficient
in English. I have taken part in numerous projects targeted at prospec-
tive students of Lodz University of Technology, during which I have taught
mathematics in English. The lesson topics have usually referred to areas
which secondary school pupils had not studied at school such as mathe-
matical logic, matrices and their applications, complex numbers and even
elements of differential equations. The participants were able to learn new
concepts and skills. Majority of them were pleasantly surprised that despite
earlier concerns they could follow a lecture in a foreign language.

It follows from my observations that even when a foreign language is
introduced only as "entertainment", students show more motivation and
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concentrate harder than during traditional maths lessons (see also [3]). It
is our, lecturers’, job to take advantage of this positive attitude.

3. Challenges facing lecturers

Lecturers who take up teaching using the CLIL method are usually aware
of difficulties and expectations they will face. Our teaching in a foreign
language must not restrict us. We recognize importance of speaking English
fluently using both general and specialized vocabulary. We must admit we
happen to make mistakes while speaking a foreign language but making
them should never obscure problems we explain.

Knowledge of general English is as important as being familiar with spe-
cialized vocabulary. When a new concept is introduced, we explain it using
examples which often refer to everyday life or present it in relation to other
branches of science. We have to be prepared to justify importance of prob-
lems we deal with and encourage students to take part in classroom dis-
cussions. We should motivate them, point out their mistakes, praise them
for good ideas, boost their self-esteem not to mention maintain classroom
discipline at the same time. Summing up, we have to do everything to teach
efficiently and communicate with students well.

As for specialized vocabulary I have noticed and experienced myself a few
difficulties. Usage of advanced vocabulary usually does not cause problems
as we regularly browse mathematical journals while doing research. It is
mathematical vocabulary at elementary level that we find much more trying.
What I mean are phrases needed to pronounce mathematical formulae as
well as these used to describe basic algebraic transformations. Formulae
and symbols without a doubt constitute a universal language. We should
be able to read them aloud and explain their meaning when we write them
on the board.

I will present here pronunciation of some mathematical symbols. Because
of their being simple we may underestimate importance of learning specific
vocabulary required to read them correctly. I will begin with just a few
examples referring to basic algebraic transformations whose pronunciation
is not obvious:

• we combine like terms

3x2y + xy − 7xy = 3x2y − 6xy,

• we cancel x from the numerator and denominator

2x/y

3x4/3
=

2y

3x3
,
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• we take out the common factor

2x2 − 3xy = x(2x− 3y),

• we cross-multiply
a

b
=

c

d
⇒ ad = bc,

• we rationalize the denominator

1
√
a−
√
b
=

√
a+
√
b

a− b
.

Even when we teach maths at university level, it may be necessary to re-
mind students some basic things, such as precedence of operations: brackets,
exponentials, multiplications and divisions, additions and subtractions.

We also regularly use more advanced mathematical symbols whose pro-
nunciation has to be learned, e.g.

• limx→a− f(x) - limit of f at a from below or left-hand limit of f at
a or limit of f at a from the left,
• loga b - logarithm of b to base a,
• g ◦ f - g circle f for composition of functions,
•
(
n
k

)
- "n-cee-k" for binomial coefficient.

The more we learn foreign language vocabulary, the more we are aware
of its countless subtleties. Among many others there are so-called false
friends, i.e. phrases used in two languages which look or sound similar but
have got significantly different meaning. Let me mention a few appearing
in English and Polish vocabulary. My purpose is to show examples coming
from different branches of mathematics.

The English words billion and trillion are translated into Polish as miliard
and bilion, respectively. There is also the word trylion in Polish translated
into English as quintillion.

When we teach number series we usually examine properties of
∑∞

n=1
1
np .

Such series are called p-series in English and szeregi harmoniczne in Polish.
In English however, the term harmonic series is reserved for the series∑∞

n=1
1
n , i.e. the p-series with p = 1 ([5]).

And another example of a phrase that may be incorrectly translated if
we are not careful. It is taken from probability theory. When we present
basic types of random variables we usually talk about binomial experiment
and associated with it binomial probability distribution. These refer to the
number of successes in n independent trials each of them resulting in one of
two possible outcomes called success and failure. In Polish this probability
distribution is called Bernoulli. What in English is Bernoulli probability
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distribution is defined to be the binomial probability distribution with n = 1
trial ([4]).

Apart from many false friends and mathematical terminology that we
have to learn, we also find that solutions to some typical problems are
constructed in different ways in Polish and English coursebooks. Let us
consider for example integration techniques used to calculate indefinite in-
tegrals involving

√
ax2 + bx+ c. In coursebooks written in English usually

trigonometric substitutions are used ([5]) while in Polish ones we use Euler’s
substitutions instead. And another example this time referring to construc-
tive methods applied to solve a linear differential equation of the first order.
In English coursebooks the solution is obtained by means of an integrating
factor ([1]). In Polish ones we usually solve such problems taking advantage
of representation of the solution in terms of solutions of the homogeneous
and nonhomogeneous linear equations. It is clear that teaching mathematics
in a foreign language, apart from other advantages, gives us also opportu-
nity to learn new mathematical skills. It is something I appreciate a lot
even if these new methods are used to solve not very demanding problems.

What can we do to improve our language skills and other qualifications
which we need to do our work well? Taking part in any project involving
teachers’ exchange (Erasmus+ or any bilateral agreement between universi-
ties) is a valuable opportunity. One cannot overestimate advantages gained
by teaching abroad and sharing experience with members of staff of a part-
ner university. Apart from improving language skills we may also take part
in their everyday work, observe how it is organized and, if it is possible,
implement some procedures at our home university. There are also things
we may do on a regular basis such as studying coursebooks and numerous
internet resources. A lot of highly respected academic institutions share
their didactic materials on the net, e.g. Massachusetts Institute of Tech-
nology has its OpenCourseWare (ocw.mit.edu). Materials presented there
are organized in a clear way and refer to various topics. Majority of web-
sites presenting specific mathematics courses taught at MIT contain sets
of lecture notes and video lectures with subtitles available as well. They
are completed with problem sheets and samples of exam papers and are a
valuable source of information about English vocabulary and about mathe-
matics as such. I would especially recommend Linear Algebra and Calculus
courses by Professor Gilbert Strang. His lectures and coursebooks are beau-
tifully told stories about mathematics while their variety of examples and
applications show importance of each topic.

Other universities also publish their materials on the net so I am certain
one can easily locate these considered as suitable and valuable. Personally
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speaking, I just regret that such resources were not available over twenty
years ago, when I was beginning my career.

4. Final remarks

My over twenty years long experience shows that a large group of sec-
ondary school graduates may aspire to study in a foreign language at a
technical university provided their knowledge of mathematics and physics
is considered sufficient. Such studies take a little more effort but in return
give qualifications appreciated in our competitive labour market.

As far as we, lecturers, are concerned teaching in a foreign language poses
lots of challenges. We are aware that mathematics is much more than work-
ing with formulae and symbols and teaching is not just spreading knowledge.
When we share it with our students, explain complicated problems, we must
not struggle with English vocabulary. We should be able to motivate, in-
spire and ask thought-provoking questions. We should be prepared to teach
international students as well who may have been taught mathematics ac-
cording to different standards. As a result of this there cannot be routine
in our work.

Summing up, teaching mathematics using the CLIL method requires con-
stant self-development and at the same time brings a lot of satisfaction.
A reward for our efforts is building good relationships with students and
watching amazement on their faces when they realize that it is actually
possible to understand mathematics in English.
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ON THE LATTICE OF TOLERANCES FOR A FINITE
CHAIN

ANETTA GÓRNICKA, JOANNA GRYGIEL, AND IWONA TYRALA

Abstract

We provide some description of the lattice of tolerances for a finite chain, pointing to
the skeleton tolerance as a special element of this lattice. In particular, we prove that
the lattice of all glued tolerances of an n-element chain is isomorphic to the lattice of
all tolerances of an n− 1-element chain nad at the same time is a principal filter of the
lattice of an n-element chain.

1. Preliminary

Tolerances, introduced in the sixties of the last century, as a natural
generalization of a notion of congruence, have become a very important
and powerful tool of a universal algebra. They have been thoroughly in-
vestigated since then and some interesting results have been provided, in
particular as concerns tolerance relations for lattices.

A tolerance relation of a lattice L is a reflexive and symmetric relation
compatible with the operations of L. Equivalently, a tolerance of L is the
image of a congruence by a surjective lattice homomorphism onto L (Czédli
and Grätzer [5]).

Let L be a lattice. All tolerances of the lattice L, ordered by inclusion,
form an algebraic lattice denoted by Tol(L) (see [2]). It is clear that every
congruence of a lattice L is a tolerance on L. Therefore, the lattice of all
congruences on L, which will be denoted by Con(L), is a subposet of Tol(L),
but it is not necessarily its sublattice.

In [3], the authors provided some description of the tolerance lattice for a
finite chain. Our main goal is to simplify and deepen their characterization.

Let L be a lattice, T ∈ Tol(L) and X ⊆ L, X 6= ∅. If every two elements
of X are in the relation T , then we call X a preblock of T . Blocks are
maximal preblocks (with respect to inclusion). It is easy to observe that in
the case when T is a congruence, blocks coincide with congruence classes of
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T , which means that they are pairwise disjoint. The situation is different if
a tolerance T is not a congruence, since then some of its blocks overlap.

If α and β are blocks of T ∈ Tol(L), then {a ∨ b | a ∈ α, b ∈ β} and
{a ∧ b | a ∈ α, b ∈ β} are preblocks of T . Czédli in [4] it is proved that
blocks containing these preblocks are uniquely determined and they are,
respectively, the join and the meet of blocks α, β in the lattice of all blocks
of T (see also Grätzer and Wenzel [8]). This lattice, denoted by L/T , is
called the factor lattice of L modulo T .

Any tolerance T ∈ Tol(L) of a finite lattice L can be represented by the
system of its blocks. Blocks of a tolerance T ∈ Tol(L) for a finite lattice L
are intervals of L ([1]).

Applying some results by Czedli and Klukovits [7] we gave in [9] a simple
characterization of the collection of tolerance blocks in the case of a finite
chain:

Lemma 1. (1) A collection C of subsets of the chain Ln = 〈{0, . . . , n−
1},≤〉 is the set of all blocks of some tolerance of L iff C is of the
form {αi = [ni,mi] : i = 1, . . . , k} for some 1 ≤ k ≤ n − 1, where
n1 = 0, mk = n− 1 and ni < ni+1 ≤ mi + 1 and mi < mi+1 for all
i = 1, . . . , k.

(2) A collection C of subsets of the chain Ln = 〈{0, . . . , n − 1},≤〉 is
the set of all blocks of some congruence of L iff C is of the form
{αi = [ni,mi] : i = 1, . . . , k} for some 1 ≤ k ≤ n− 1, where n1 = 0,
mk = n − 1 and ni < ni+1 = mi + 1 and mi < mi+1 for all
i = 1, . . . , k.

A tolerance T of a lattice L is called glued, see [11], if its transitive
closure is the total relation L2. All glued tolerances of L form a sublattice
of Tol(L) denoted by Glu(L). The zero of Glu(L) – the (unique) smallest
glued tolerance of L is called the skeleton tolerance of L, and it is denoted
by Σ(L). It is known from Bandelt [1] that the skeleton tolerance of a
finite lattice L is generated by the set of all its prime quotients, i.e., pairs
(a, b) ∈ L2 such that a ≺ b. The factor lattice L/Σ(L) is called the skeleton
S(L) of L. Note that |S(L)| < |L| if |L| > 1 by Czédli, Grygiel, and Grygiel
[6].

By definition of glued tolerances and Lemma 1, we can observe that

Corollary 1 ([9]). A collection C of subsets of the chain Ln = 〈{0, . . . , n−
1},≤〉 is the set of all blocks of some glued tolerance of L iff C is of the
form {αi = [ni,mi] : i = 1, . . . , k} for some 1 ≤ k ≤ n − 1, where n1 = 0,
mk = n− 1 and ni < ni+1 ≤ mi < mi+1 for all i = 1, . . . , k.

In [10], the authors introduced the fitting relation v on the set Tol(L)
that can be defined as follows: T v S iff every block of S is the union of
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blocks of T included in it. They proved that the relation is a partial order
on Tol(L) and if T v S, then S/T is a tolerance on L/T . It is easy to
observe that T v S implies T ⊆ S for any T, S ∈ Tol(L) but not conversely.
The inverse implication is not true even for finite chains, as we can see
in Example 1. The authors proved that these two orderings coincide for
distributive lattices only in the case of Boolean algebras.

Example 1. Let {[0, 2], [2, 4]} be the family of blocks of T and {[0, 2], [1, 4]}
be the family of blocks of S. Then, according to Lemma 1, T, S ∈ Tol(L5)
and T ⊆ S. However, it is not true that T v S.

Furthermore,

Theorem 1 ([10]). For every finite lattice L and every T ∈ Tol(L) we have
Tol(L/T ) ∼= [T )v, where [T )v = {S ∈ Tol(L) : T v S}.

2. Main results

Let Ln = 〈{0, . . . , n− 1},≤〉 be a chain of the length n and let us denote
Σn = Σ(Ln). Moreover, let [Σn) denote the principal filter generated in
Tol(Ln) by Σn. Then,

Theorem 2. For every n > 1,

[Σn) ∼= Tol(Ln−1).

Proof. Let us observe that C = {[i, i + 1] : i = 0, . . . , n − 2} is the family
of blocks of Σn. Then, by definition and Corollary 1, we conclude that
Σn v T for every T ∈ [Σn) and hence [Σn)v = [Σn). Therefore, according
to Theorem 1, we get Tol(Ln/Σn) ∼= [Σn).

On the other hand, it is easy to notice that Tol(Ln/Σn) ∼= Ln−1, so we
obtain the thesis. �

As [Σn) = Glu(Ln), we proved that

Corollary 2. For every n > 1,

Glu(Ln) ∼= Tol(Ln−1).

Now, let Bn denote an 2n-element Boolean algebra and (Σn] the principal
ideal generated in Tol(Ln) by Σn. Then

Theorem 3. For every n > 1,

(Σn] ∼= Bn−1.

Proof. Let Ci = {{j}}j=0,...,n−1,j 6=i ∪{[i, i+ 1]} for i = 0, . . . , n− 2. We can
observe that Ci for i = 0, . . . , n − 2 are families of blocks of all tolerances
being atoms of Tol(Ln). Of course, all of them are congruences. Let us
denote the tolerance with blocks Ci by Ti, where i = 0, . . . , n− 2.



28 A. GÓRNICKA, J. GRYGIEL, AND I. TYRALA

It is clear that the smallest tolerance including all Ti for i = 0, . . . , n− 2
is Σn, so

n−2⋃
i=0

Ti = Σn.

Now, let T ⊆ Σn and T ∈ Tol(L). Since C = {[i, i+ 1] : i = 0, . . . , n− 2}
is the family of blocks of Σn, blocks of T can be singletons or two-element
intervals of the form [i, i+1], according to Lemma 1. Therefore, T =

⋃
i∈I Ti,

where I is the the set of all i ∈ {0, . . . , n−2} such that the interval [i, i+ 1]
is a block of T .

On the other hand, for I, J ⊆ {0, . . . , n− 2} such that I 6= J we have⋃
i∈I

Ti 6=
⋃
i∈J

Ti.

Indeed, suppose k ∈ I \J . Then [k, k+1] is a block of the tolerance
⋃

i∈I Ti
but not a block of the tolerance

⋃
i∈J Ti.

Thus, the ideal (Σn] of the lattice Tol(Ln) is a Boolean algebra generated
by n−1 atoms Ti, where i = 0, . . . , n−2. The identity is the smallest element
of the Boolean algebra and the skeleton tolerance Σn is the biggest one. �

3. Conclusions

By Theorem 2 and Theorem 3 we conclude that for any chain Ln for
n > 1 all tolerances including Σn form a lattice isomorphic to Tol(Ln−1 and
all tolerances included in Σn form a Boolean algebra Bn−1. Therefore, the
lattice Tol(Ln) for n > 2 looks like in Figure 1.

B1

B2

Bn−2
Σn

Bn−1

I

Figure 1

The part colored in grey contains the tolerances incomparable with Σn.
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Example 2. In Figure 2 there are depicted all lattices of tolerances Tol(Ln)
for n up to 4. The black points denote congruences.

Tol(L1)

Tol(L2)

Tol(L3)

Tol(L4)

Figure 2

It can be shown that for n > 1 it holds Con(Ln) ∼= Bn−1, so Con(Ln) ∼=
(Σn]. However, it is not true that Con(Ln) = (Σn]. In fact Con(Ln) for
n > 2 is not a sublattice of Tol(Ln) as can be easily seen in Example 2.
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ALL SPLITTING LOGICS IN THE LATTICE
NEXT (KTB.3′A)

ZOFIA KOSTRZYCKA

Abstract

We examine a special modal logic which is a normal extension of the Brouwer modal
logic. It is determined by linearly ordered chains of clusters and the relation between
clusters is reflexive and symmetric. The appropriate axiomatization of this logic is pro-
posed in the papers [11] and [12]. There is also proved that all normal extensions of the
investigated logic are Kripke complete and have f.m.p. Unfortunately, the cardinality of
this family is continuum [13]. One may imagine that the structure of the lattice of these
extensions is immensely complex. Then we use the technics of splitting to characterize
this lattice and to describe some quite simple fragments. We characterize all the logics
that split the lattice.

1. Introduction

The Brouwer logic KTB is defined as a normal extension of the minimal
normal modal logic K. We get KTB := K⊕ T ⊕B where:

T := �p→ p

B := p→ �♦p

Semantically, it is determined by Kripke frames with the accessibility
relation being reflexive and symmetric. On the other side, logics determined
by reflexive and symmetric Kripke frames are called Brouwerian. Also, they
are called intransitive, since the relation does not have to be transitive. The
absence of transitivity involves many difficulties in studying these logics.

One approach to intransitive logics is to add the weak transitivity prop-
erty (4n) := �np→ �n+1p for n > 1. If n = 1 then, of course, we get just
transitivity. In 1964 Thomas defined the following family of logics:

T+
n := KTB⊕ (4n) .
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He also proved that for different n the logics T+
n are different; see [21].

Logics T+
n have quite strong algebraic characterization; see [20]. Recently,

such logics (especially T+
2 ) were intensively examined and some important

facts concerning the existence of their Kripke incomplete extensions were
established; see [7] and [8].

Anyway, the purely intransitive logics still need examination. Our propo-
sition in this field is to study a subfamily of NEXT (KTB), which is deter-
mined by frames with a clear semantical characterization. Such semantical
feature is linearity. The motivation for such a choice has two sources. First,
is the logic S4.3, which is complete with respect to linearly quasi ordered
frames (xRy or yRx for any distinct x, y ∈W ). They are usually presented
as chains of clusters. Below, we remind two famous results for its normal
extensions due to [1] and [5], respectively.

Theorem 1. Every normal modal logic extending S4.3 has finite model
property.

Theorem 2. Every normal modal logic extending S4.3 is finitely axioma-
tizable.

The second source for our motivation comes from the logic KTB⊕ alt3,
where

(alt3) := �p ∨�(p→ q) ∨�((p ∧ q)→ r)) ∨�((p ∧ q ∧ r)→ s).

This logic is determined by the class of reflexive and symmetric frames
forming chains of points. Byrd and Ullrich proved in 1970’s that all logics
from NEXT (KTB⊕alt3), have f.m.p. and are finitely axiomatizable (and
hence - decidable).

It seems to be interesting to compare the above result with Bull’s and
Fine’s. Anyway, we need to be careful in this comparison. For logics above
S4.3, frames are uniquely represented as chains of disjoint clusters, whereas
for logics extending KTB, clusters do not have to be disjoint in the appro-
priate frame. In a reflexive and symmetric Kripke frame, some clusters
may have non-empty intersection. The logics studied by Byrd and Ullrich
are determined by reflexive and symmetric frames forming chains of points;
each two points being in relation form, in fact, two-element cluster. Two
neighboring clusters have a common point. In the paper we will consider a
more general condition of linearity in reflexive and symmetric frames. We
accept the existence of n-element clusters for any n ∈ N. The property of
linearity for reflexive and symmetric frames is characterized as follows:

(1) Each cluster has a non-empty intersection with at most two others
(similarly as two-element clusters in frames for NEXT (KTB ⊕
alt3)),
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(2) If some cluster has non-empty intersections with two other clusters,
then each point of the cluster belongs to one of the intersections.

Below, we prepare some tools for dealing with splitting of lattices. As
it was said in Introduction the Brouwer logic KTB is determined by the
class of reflexive and symmetric Kripke frames (symb. KTB-frames). Note
that for an arbitrary KTB-frame F = 〈W,R〉 the transitive closure of R is
universal on W . For our purpose we will consider only connected frames.

Definition 1. Let F = 〈W,R〉 be a Kripke frame. Then F is connected if
for any x, y ∈W there is a number n ∈ N such that xRny.

In a frame F = 〈W,R〉, the point r ∈W is called a root if for any x ∈W
there exists a number n such that rRnx. In a connected KTB-frame each
its point x ∈ W is a root. Moreover, KTB-frame is connected iff each its
point is its root.

Logics determined by the class of frames K is defined as usual:

L(K) := {α ∈ Form : F |= α for each F ∈ K} .
The class K may consist of one frame only. To compare strength of logics

determined by classes of Kripke frames p-morphisms are used.

Definition 2. Let F1 = 〈W1, R1〉 and F2 = 〈W2, R2〉 be Kripke frames.
A map f : W1 →W2 is a p-morphism from F1 to F2, if it satisfies the
following conditions:

(p1) f is from W1 onto W2,

(p2) for all x, y ∈W1, xR1y implies f(x)R2f(y),

(p3) for each x ∈W1 and for each a ∈W2, if f(x)R2a then there exists
y ∈W1 such that xR1y and f(y) = a.

Each p-morphism is also called a reduction. If there is a p-morphims from
F1 onto F2 then we say that F1 is reducible to F2 and F2 is a p-morphic
image of F1.

By R(x) we mean a set of neighboring points of x ∈ W for F = 〈W,R〉.
Formally:

R(x) := {y ∈W : xRy}.
One may notice that the conditions (p1) and (p2) are equivalent to the
following one:

f(R1(x)) = R2(f(x)) for any x ∈W1.(1)

The next lemma is a logical folklore:

Lemma 1. Let F1, F2 be Kripke frames. If there exists a p-morphism from
F1 to F2 then L(F1) ⊆ L(F2).
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Let us also remind two basic algebraic notions such as modal algebra and
KTB-algebra.

Definition 3. An algebra A = 〈A,∩,∪,−, I, 0, 1〉 is a modal algebra if
〈A,∩,∪,
−, 0, 1〉 is a Boolean algebra and the unary operator I satisfies the con-
ditions:

(1): I(1) = 1,
(2): I(a ∩ b) = I(a) ∩ I(b) for any a, b ∈ A.

Definition 4. A modal algebra A = 〈A,∩,∪,−, I, 0, 1〉 is called a KTB-
algebra if the unary operator I satisfies the following conditions for any
a ∈ A:

(3): I(a) ≤ a,
(4): a ≤ I(−I(−a)).

There is a nice duality between Kripke frames and modal algebras. It is
easy to describe in the finite case. For a finite modal algebra A we define
the dual frame A∗ = 〈W∗, R∗〉 where W∗ is the set of atoms of algebra A
and R∗ is a binary relation defined for any x, y ∈W∗ as follows:

xR∗y iff ∀z∈A (x ≤ I(z) ⇒ y ≤ z).

It is known that both A and A∗ validate the same formulas. Conversely,
for each finite Kripke frame F = 〈W,R〉 we define its dual algebra F∗ =
〈2W ,∩,∪,−, I, ∅,W 〉 where for any X ⊆W

I(X) = {x ∈W : ∀y(xRy ⇒ y ∈ X)}.

Similarly, both frame F and its dual algebra F∗ validate the same modal
formulas. For more details see [4]. Moreover, for finite cases we have

(F∗)∗ ∼= F and (A∗)
∗ ∼= A.

For infinite case there is only the isomorphism (A∗)
∗ ∼= A.

For some special Kripke frames Lemma 1 may be strengthened to an
equivalence.

Lemma 2. Let F1, F2 be finite Kripke frames such that their dual algebras
are simple. Then L(F1) ⊆ L(F2) iff there exists a p-morphism from F1 to
F2.

Proof. It is proven by Jónsson’s lemma, the congruence extension property
of modal algebras, finiteness and simplicity of the dual algebra for F1. For
details, see for example [18] or [9]. �

In the paper [18] it is also proven:
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Lemma 3. Let F = 〈W,R〉 be a finite KTB-frame and A a finite KTB-
algebra. Then, A is subdirectly irreducible iff A is simple. Moreover

(i): F∗ is simple iff F is connected,
(ii): A is simple iff A∗ is connected.

Then we get:

Corollary 1. Let F1, F2 be finite and connectedKTB-frames. Then L(F1) ⊆
L(F2) iff there exists a p-morphism from F1 to F2.

2. Main results

2.1. Linear Brouwer systems. We start this section with recalling some
basic definitions from [11] and [12].

Definition 5. Let F = 〈W,R〉 be a KTB-Kripke frame (R is reflexive and
symmetric relation on W ). Then R is called a tolerance on F.

Definition 6. A non-empty subset U ⊆W is called a block of the tolerance
R, if U is a maximal subset with U × U ⊆ R (if U ⊆ V and V × V ⊆ R,
then U = V ).

The term: block of tolerance has the same meaning as the term: clus-
ter. But we prefer to use the first one because, in KTB-Kripke frames,
clusters may have non-empty intersections. Hereafter, instead of ‘a block of
tolerance’ we simply use a shorter name ‘a block’.

Definition 7. We say that a frame 〈W,R〉 consists of linearly ordered blocks
if the following two conditions hold:

(L1) B1 ∩B2 ∩B3 = ∅,
(L2) (B1 ∩B2 6= ∅ & B2 ∩B3 6= ∅) ⇒ (B1 ∩B2) ∪ (B2 ∩B3) = B2

for any three distinct blocks B1, B2, B3

It occurred that the generalized notion of linearity for reflexive and sym-
metric structures has an adequate syntactic characterization [11], [12]. The
following formulas are given there:

(3′) := �p ∨�(�p→ �q) ∨�((�p ∧�q)→ r),

(A) := �((�p ∧ q)→ r) ∨�((�q ∧ r)→ s) ∨�((�r ∧ s ∧ ♦¬s)→ p) ∨
∨�((�s ∧ p ∧ ♦¬p)→ q).

and the logic: KTB.3′A := KTB ⊕ (3′) ⊕ (A) is considered. In [11], it is
also proven that:

Theorem 3. Logic KTB.3′A is complete with respect to the class of re-
flexive and symmetric frames with linearly ordered blocks. Logic KTB.3′A
has f.m.p.
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One may asked question if all Kripke frames validating formulas T, B,
(3′) and (A) are these frames (reflexive and symmetric) fulfilling the condi-
tions (L1) and (L2)? The answer to this question is: yes.

Lemma 4. Let F be a Kripke frame such that F |= T,B, (3′), (A). Then F
is reflexive and symmetric and the conditions (L1) and (L2) hold.

Proof. Obviously, if in a given Kripke frame there exists a point which is
irreflexive, then the axiom T is falsified. Also, if in a frame exist two points
being in a relation which is not symmetric, then axiom B is falsified. Sup-
pose that the condition (L1) does not hold in some reflexive and symmetric
Kripke frame. Then there are at least four points x1, x2, x3 and x4 belonging
to three different blocks, i.e. {x1, x2} ⊂ B1, {x2, x3} ⊂ B2, {x2, x4} ⊂ B3

and x2 ∈ B1 ∩ B2 ∩ B3. Also ¬x1Rx3, ¬x1Rx4 and ¬x3Rx4. See Fig. 2
from [11]. We define valuation:

{x2, x3, x4} ⊆ V (p) and x1 6∈ V (p),

{x2, x4} ⊆ V (q) and {x1, x3} 6⊆ V (q), and x4 6∈ V (r).

Then we get:

x3 |=V �p, x4 |=V �p ∧�q, and x3 6|=V �p→ �q,

x4 6|=V (�p ∧�q)→ r.

Hence x2 6|=V �p, x2 6|=V �(�p → �q) and x2 6|=V �[(�p ∧ �q) → r].
And x2 6|=V (3′).

Suppose, on the contrary, that the condition (L2) does not hold in
some Kripke frame F = 〈W,R〉. Hence there exists at least five points
x1, x2, x3, x4, x5 belonging to three different blocks, i.e. {x1, x2} ⊂ B1,
{x2, x3, x4} ⊂ B2, {x4, x5} ⊂ B3. Then x3 6∈ (B1 ∩ B2) ∪ (B2 ∩ B3) and
(B1 ∩B2) ∪ (B2 ∩B3) 6= B2. See Fig. 4 from [11].

We define valuation:

{x2, x3, x4, x5} ⊆ V (p) and x1 6∈ V (p),

{x2, x3, x4} ⊆ V (q) and x5 6∈ V (q), and x3 6∈ V (r).

Since the points x1, x3, x5 belong to three different blocks then they are
not in relation R. Hence we get:

x3 |=V �p ∧�q, and x3 6|=V (�p ∧�q)→ r, and x4 |= �p, and
x4 6|=V �p→ �q.

Point x2 sees x1, x3 and x4 then we get:

x2 6|=V �p, x2 6|=V �(�p→ �q), x2 6|=V �[(�p ∧�q)→ r].

Hence: x2 6|=V (3′).
�
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Similarly to logics from NEXT (S4.3) and NEXT (KTB⊕alt3) we also
have:

Theorem 4. All logics from NEXT (KTB.3′A) are Kripke complete and
have f.m.p.

In contrast to logics from NEXT (S4.3) or NEXT (KTB⊕ alt3) it oc-
curred that (see [13]):

Theorem 5. The cardinality of the family NEXT (KTB.3′A) is contin-
uum.

For further research we need to specify vocabulary concerning details of
the structure of frames with linearly ordered blocks. First of all, we denote
the whole class of such frames by LOB and any Kripke frame from this class
by LOB-frame. We say that a block B1 sees B2 if B1∩B2 6= ∅ and B1 6= B2.
In a LOB-frame any block sees at most two others. If it saw more than two,
then (L1) or (L2) would not hold. Let F = 〈W,R〉 be a connected LOB-
frame. Then if some blockB sees no other blocks thenB = W . Such a frame
is called a trivial one. Hence, in non-trivial LOB-frames at least two blocks
exist. Second, in a LOB-frame we may distinguish two kinds of blocks: an
external block sees one block and the internal block sees two blocks. If F
does not contain external blocks then an arbitrary fixed block B0 gives rise
to the sequences of blocks: B1, B2, B3, ... and B−1, B−2, B−3, ...such that
any Bi sees Bi−1 and Bi+1. This is an infinite (ω ∗+ω)-chain of blocks (if
all of them are distinct) or a finite circle of blocks of a length n ≥ 4 (if
Bi = Bj for i < j). The case n = 2 is impossible to occur (two blocks are
necessarily external) as well as n = 3 (a circle which consists of 3 blocks is
trivial). The class of closed LOB-frames will be denoted by CLOB and its
members as CLOB-frames. Third, if F contains an external block B0 then
again we obtain a chain of internal blocks: B1, B2, B3, ..., which can be an
infinite ω-chain or a finite chain of a length n ≥ 2 (if another external block
stops the construction). Frames having external blocks will be called open
(denoted as OLOB-frames) and their class will be denoted by OLOB.

Let us add that the trivial frames will be treated by us as open ones.
Then we assume that an open frame consists of at least one external blocks.

Then we introduce the notion of a cell.

Definition 8. Let F ∈ OLOB be a connected frame consisting of n ≥ 2
blocks. Suppose they are numerated as B1, B2,...,Bn,... accordingly with the
order. The internal cell is defined: Ci = Bi−1 ∩ Bi for i = 2, ..., n, .... The
external cell is defined as C1 = B1 \B2. For finite open frames consisting of
n blocks, the other external block is defined as Cn+1 = Bn \Bn−1. Internal
and external cells will be called just cells.
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One may observe that a finite and connected OLOB-frame having n
blocks is divided into n + 1 nonempty cells. In the trivial case for n = 1,
we treat the whole block as one cell. If n = 2 then we may divide the
OLOB-frame into two external cells and one internal. And so on.

Definition 9. Let F ∈ CLOB be a connected frame consisting of at least
four blocks. Suppose they are numerated as ..., B−n,...,B−2,B−1,B0, B1,
B2,...,Bn, ..., n ≥ 2. Then we consider the intersections Ci = Bi−1 ∩Bi for
i ∈ Z and called them also internal cells (or simply - cells).

A finite and connected CLOB-frame with n blocks is also divided into
n + 1 nonempty cells. Let us observe that points belonging to the same
cell are modally indistinguishable. If x, y ∈ Ci and Ci = Bi−1 ∩ Bi then
R(x) = R(y) = Bi−1 ∪ Bi. Hence if x |= �α then z |= α for any z ∈ R(x).
But R(x) = R(y). Then y |= �α.

Frames from OLOB will be called chains and denoted by Ch; frames from
CLOB – circles and denoted by C. Additionally, by Chkn we mean a family
of chain frames having n cells and such that the number of points in each
cell is less or equal to k. Any frame from this family will be denoted as
Ch(k1, k2, ..., kn), where the ki ≤ k for i = 1, 2, ..., n is the number of points
in the i-th cell. We allow that n = 1. Then we get we get one cell frame,
which is a trivial one. For n = 2 we get Ch(k1, k2) = Ch(k1 + k2), which
is, actually one cell frame. So, in fact, we do not have two cell chains.
But we will allow that the symbol Ch(k1, k2) anyway has sense. An infinite
chain frame is denoted Ch(k1, k2, ...). Similarly, by Ck

n we mean a family
of circle frames having n cells such that the number of points in each cell
is less or equal to k. The appropriate frame is denoted C(k1, k2, ..., kn).
In infinite case we simply write C(k1, k2, ...). We see that C(k1) = Ch(k1),
C(k1, k2) = Ch(k1, k2) = Ch(k1 + k2). Also C(k1, k2, k3) = Ch(k1 + k2 + k3).

We introduce the abbreviations: instead of Ch (1, 1, ..., 1)︸ ︷︷ ︸
n

(or C (1, 1, ..., 1)︸ ︷︷ ︸
n

)

we shall write Chn (or Cn). Formal definitions are given below.

Definition 10. Let Chn = 〈Wn, R〉 be a frame defined as follows: Wn =
{xi : 1 ≤ i ≤ n}, the relation R is the following:

xiRxj iff |i− j| ≤ 1; for every 1 ≤ i, j ≤ n.

The frame Chn is called a chain frame of depth n.

Definition 11. The circle frame Cn, n > 3 of depth n is defined as follows.
Cn = 〈Wn, R〉, where Wn = {xi : 1 ≤ i ≤ n}. The relation R is defined as
follows:

xiRxj iff |i− j|[mod(n− 1)] ≤ 1; for every 1 ≤ i, j ≤ n.
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Further we distinguish two subclasses from OLOB and CLOB:
• OLOB(1) - subclass of open frames with linearly ordered blocks,
whose each cell has one point.
• CLOB(1) - subclass of closed frames with linearly ordered blocks,
whose each cell has one point.

Example 1. In Fig. 1 there is presented a frame from OLOB(1) having
5 cells: C1 = B1\B2, C2 = B1 ∩ B2, C3 = B2 ∩ B3, C4 = B3 ∩ B4, C5 =
B5\B4. Symbolically we write it as Ch5.

c c c c cx1 x2 x3 x4 x5
�
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�
�

B1�
�

�
�

B2 �
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�
�

B3 �
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�
�

B4

Figure 1. Frame from OLOB(1) having 5 cells written as Ch5
.

Example 2. In Fig. 2 there is presented a frame from OLOB having 4 cells:
C1 = B1\B2, C2 = B1 ∩ B2, C3 = B2 ∩ B3, C4 = B3\B2,. Symbolically we
write it as Ch(1, 1, 2, 1). Additionally, we see that x3 |= �α ⇔ x4 |= �α
for any formula α.
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Figure 2. Frame from OLOB having 4 cells written as Ch(1, 1, 2, 1)
.

Example 3. In Fig. 3 there is presented a frame from CLOB(1) having 9
cells: Ci = Bi−1 ∩ Bi, for i = 2, ..., 8 and C9 = B8 ∩ B1. Symbolically we
write it as C9.
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Figure 3. Frame from CLOB(1) having 9 cells written as C9.

2.2. Reductions in LOB. To compare strength of logics determined by
Kripke frames from LOB, we described the possible p-morphism between
them. We start with reductions in OLOB.

2.2.1. Reductions in OLOB. In this part of the paper we describe possible
reductions between chain frames. Some of the presented proofs are similar
to the proofs of reductions between parasol frames from [9]. We start with
reduction in the class OLOB(1).

Lemma 5. If n > m ≥ 1, then L(Chm) 6⊆ L(Chn).

Proof. Obviously, there is no p-morphism from Chm to Chn. From Corollary
1 we conclude that L(Chm) 6⊆ L(Chn). �

Suppose that m ≥ n. The case with m = n is trivial. Thus, we shall
consider only the cases withm > n. We prove the existence of a p-morphism
between Ch2n and Chn.

Lemma 6. Let Ch2n = 〈W2n, R〉, with W2n = {x1, . . . , x2n} and Chn =
〈Wn, R

′〉, with Wn = {x′1, . . . , x′n} be two chain frames. The relation R
and R′ are defined in the appropriate way (see Definition 10). The following
function:

f(xi) = x′i for each i ≤ n ,
f(xi) = x′2n−(i−1) for each n < i ≤ 2n

is a p-morphism from Ch2n to Chn.
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Proof. The mapping f defines the operation on the chain frame Ch2n which
could be described as folding up the frame on half. As a result we obtain
the frame Chn. The appropriate folding for n = 3 is shown in Fig. 4.
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Figure 4. The diagram of p-morphism from Ch6 to Ch3

The function f is onto. The condition (1) also holds. This is because the
function f maps x1 to x′1, then it moves along Chn with a short (1-step)
stop at the final point x′n. The final point of the whole journey is x′1.

�

We may generalize the above lemma by proving the existence of a suitable
p-morphism from Chkn to Chn, for each k ≥ 1. In this case the frame with
kn points are folded up k-times.

Lemma 7. Let Chkn = 〈Wkn, R〉, Wkn = {x1, . . . , xkn}, k ≥ 1 and Chn =
〈Wn, R

′〉, Wn = {x′1, . . . , x′n} be two chain frames. Then the following
function:

f(xi) = f(xi+2n) = . . . = f(xi+2sn) = x′i for any i ≤ n
and i+ 2sn ≤ kn ,

f(xi+n) = f(xi+3n) = . . . = f(xi+(2s+1)n) = x′n−(i−1) for any

i ≤ n and i+ (2s+ 1)n ≤ kn

is a p-morphism from Chkn to Chn.

Proof. Analogous to the proof of Lemma 6. �
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The p-morphism between chain frames, which is described above, is not
the unique one. Below we describe another one.

Lemma 8. Let Ch2n−1 = 〈W2n−1, R〉, W2n−1 = {x1, . . . , x2n−1} and
Chn = 〈Wn, R

′〉, Wn = {x′1, . . . , x′n} be two chain frames. Then the fol-
lowing function:

g(xi) = x′i for any i ≤ n
g(xi) = x′2n−i for any n < i ≤ 2n− 1

is a p-morphism from Ch2n−1 to Chn.

Proof. This time, the map g is another kind of folding up on half the chain
frame Ch2n−1. Now, the point xn laying in the middle is the point of folding
up. For n = 3 the folding looks like in Fig. 5.
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Figure 5. The diagram of the p-morphism from Ch5 to Ch3.

The function g maps Ch2n−1 to Chn similarly as the function f described
in Lemma 7, but now without the intermediate stop. �

We may also generalize the above lemma; we take, for instance, two
frames: Chn+k(n−1) and Chn, for any k ≥ 1. The first frame may be folded
up k-times to get Chn.

Lemma 9. Let Chn+k(n−1) = 〈Wn+k(n−1), R〉, Wn+k(n−1) =

= {x1, . . . , xn+k(n−1)}, k ≥ 1 and Chn = 〈Wn, R
′〉, Wn = {x′1, . . . , x′n}

be two chain-frames. Then the following function:

g(xi) = g(xi+2(n−1)) = . . . = g(xi+2s(n−1)) = x′i

for any i ≤ n and i+ 2s(n− 1) ≤ n+ k(n− 1) ,

g(xi+(n−1)) = g(xi+3(n−1)) = . . . = g(xi+(2s+1)(n−1)) = x′n−(i−1)

for any i ≤ n and i+ (2s+ 1)(n− 1) ≤ n+ k(n− 1)

is a p-morphism from Chn+k(n−1) to Chn.
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Proof. Analogous to the proof of Lemma 8 �

One may observe that the two ways of folding up chain frames presented
above, can be mixed up. For example, for Ch8 and Ch3 there is the following
p-morphism:

p(xi) =

 x′i for i ≤ 3,
x′6−i for 3 < i ≤ 5,
x′i−5 for 6 ≤ i ≤ 8.

The first folding up is made according to the p-morphism g, the second one
– to f , see Fig. 6.
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Figure 6. The diagram of p-morphism from Ch8 to Ch3

One may notice that there are plenty of reductions in OLOB(1). For
example, the chain frame Ch3 is a p-morphic reduct of the following ones:

Ch5, Ch6, Ch7, Ch8, Ch9, Ch10, . . .

what means, in fact, that almost all chain frames Chm are reducible to Ch3.
Now, we are ready to prove the main theorem concerning the reduction
between frames from OLOB(1).

Theorem 6. Let m = kn+ (n− 1)l for some k ≥ 1 and l ≥ 0. Then Chm
is reducible to Chn.

Proof. Let us observe that for k = 1 the required p-morphism is the func-
tion g defined in Lemma 9. Let k ≥ 2. The idea of the proof combines both
previous constructions: we ‘move’ along Chn back and forth k+ l times, and
‘make stop’ k− 1 times and ‘pass’ l intermediate endpoints without a stop.
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The exact definition of the required p-morphism may be found in [9],
p.66–67.

�

Corollary 2. The chain frame Chn is a reduct of the following chain frames
with k ∈ N:

Ch2n−1, Ch2n ,

Ch3n−2, Ch3n−1, Ch3n ,

Ch4n−3, Ch4n−2, Ch4n−1, Ch4n ,

. . .

Chkn−(k−1), Chkn−(k−2), . . . , Chkn ,(2)
. . . .

Let us notice that, for a given n, the numbers kn−(k−p) with 1 ≤ p ≤ k
cover an infinite segment of N. Indeed, for each given n one can take
k := n − 1, p := n − 1 and then k := n, p := 1. For such a choice we get
two natural numbers which are consecutive: (n−1)n and n2− (n−1). The
first number is the last index in some line of (2) and the second one is the
first index in the next line of (2). The line from which the infinite segment
starts is the one with the index (n− 1)n− (n− 2) = (n− 1)2 + 1. Then we
may reformulate the above result in the following way:

Corollary 3. For any number n and any m ≥ (n−1)2 +1, the chain frame
Chm is reducible to Chn.

Theorem 6 may be strengthened to an equivalence.

Theorem 7. Let n < m and n ≥ 3. The frame Chm is reducible to Chn iff
m = kn+ (n− 1)l for some k ≥ 1 and l ≥ 0.

Proof. The proof of the simple implication proceeds analogously to the one
for parasol frames, which may be found in the paper [9], pp. 66-71 or in [10].
We however sketch the proof. We describe the possible p-morphism from
Chm = 〈Wm, R〉 to Chn = 〈Wn, R

′〉. Let Wm = {x1, x2, ..., xm} and Wn =
{y1, y2, ..., yn}. First, we prove that any function f gluing two neighboring
points in Chm and mapping them into some inner point from Chn is not a
p-morphism. Suppose, on the contrary, that xiRxi+1Rxi+2Rxi+3 for 1 ≤
i ≤ m − 3 and f(xi+1) = f(xi+2) = yj , j 6= 1 and j 6= n. Then R(xi+1) =
{xi, xi+1, xi+2}, f(R(xi+1)) = {yj , yj+1} (or f(R(xi+1)) = {yj , yj−1} - it
depends on the chosen direction of the mapping). See Fig. 7. But then
R′(f(xi+1)) = {yj−1, yj , yj+1} and the condition (1) of p-morphism does
not hold. A contradiction. contradiction. So, we see that if we glue any
two neighboring points, then we have to map them onto an external point
from Chn. But then we get the p-morphism f described in Lemma 6.
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Similarly, one may prove that any function gluing more than two neigh-
boring points in Chm and mapping them into some inner point from Chn is
not a p-morphism.
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Then we will prove that it is impossible to glue three (or more) points
and map them onto some external point from Chn; such a function, if ex-
ists is not a p-morphism. Suppose, on the contrary, that it is. Hence we
get: that xiRxi+1Rxi+2Rxi+3Rxi+4 for 1 ≤ i ≤ m − 3 and f(xi+1) =
f(xi+2) = f(xi+3) = yn, (if they are mapped to y1 then the proof is analo-
gous). Then R(xi+2) = {xi+1, xi+2, xi+3} and f(R(xi+2)) = {yn}. But then
R(f(xi+2)) = {yn−1, yn}. The condition (1) does not hold. A contradiction.

Then we see that any p-morphism between chain frames must be a com-
bination of these two described in Lemmas 6 and 8.

�

Let us add that if the frame Ch is a trivial one, then any other frame
(also from OLOB(1), but not necessarily) is reducible to it.

We should shortly discuss the infinite case. Suppose we have an infinite
chain frame Ch∞. Suppose it has the beginning (if not, then we may treat
the infinite frame as an infinite circle).

Lemma 10. The frame Ch∞ is reducible to Chn for any n ≥ 1.

Proof. We map the ‘first’ point of Ch∞ onto the external point of Chn. Then
the next point of Ch∞ onto the next one of Chn, and so on. If we reach
the other external point of Chn then we turn back. The mapping takes an
infinite number of times. Such function is a p-morphism. �

Now, we describe reduction between classes OLOB and OLOB(1). In-
deed, the following holds:

Lemma 11. Let F ∈ Chkn, k ∈ N and Chn ∈ OLOB(1) be two chain frames
having n-cells each, with n ≥ 3. Then F is reducible to Chn.
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Proof. Let F = (k1, k2, ..., kn), 1 ≤ ki ≤ k for i = 1, 2, ..., n. Appropriately,
Chn = (1, 1, ..., 1)︸ ︷︷ ︸

n

. Then the p-morphism from F to Chn is simply a gluing

of the points from each cell from the first frame and mapping them onto
the appropriate one-point cells from Chn. Such a gluing is the needed p-
morphism. �

On the other side any function mapping points from one cell onto two
points from distinct cells is not a p-morphism.

Lemma 12. Let F ∈ Chkn, k ∈ N and Chn+1 ∈ OLOB(1), n ≥ 3 be two
chain frames such that at least one cell in the F has two points. Then F is
not reducible to Chn+1.

Proof. In order to set attention suppose that the frame F has n−1 one-point
cells and exactly one cell has two elements. Then both the frames has the
same number of points. Let xi, xi+1 belong to the same cell and there are
xi−1, xi+2 from R(xi, xi+1) but from different cells. We map these points
onto four points from Chn+1: f(xk) = yk for k = i−1, i, i+1, i+2 and such
that yi−1RyiRyi+1Ryi+2. Obviously Obviously ¬yi−1Ryi+1 and ¬yiRyi+2

and ¬yi−1Ryi+2. But then we obtain ¬f(xi)Rf(xi+2) although xiRxi+2.
This contradicts the condition (p2) of p-morphism.

This reasoning may be generalized for frames having cells with a larger
number of points. �

We conclude, that the p-morphism described in Lemma 11, is a unique
one (up to isomorphism of p-morphic images of frames from Chkn). As a
conclusion of Lemmas 11 and 12 we get:

Corollary 4. Let m ≥ 3, n ≥ m, k ∈ N. Then any frame F ∈ Chkn is
reducible to Chm iff the appropriate frame Chn ∈ OLOB(1) is reducible to
Chm.

By combining Lemma 11 and Corollary 3 we obtain:

Corollary 5. Let k ∈ N, n ≥ 3. For any number m ≥ (n − 1)2 + 1, the
chain frame F ∈ Chkm is reducible to Chn.

From Lemmas 10 and 11 we conclude:

Corollary 6. red2’Let F ∈ Chk∞. Then F is reducible to Chn for any n ≥ 1.

2.2.2. Reductions in CLOB. First, we describe reductions in CLOB(1).

Lemma 13. Let Ckn = 〈Wkn, R〉, Wkn = {x1, . . . , xkn}, k ≥ 2 and Cn =
〈Wn, R

′〉, Wn = {y1, . . . , yn} be two circular frames. Then the following
function:

f(xj) = yi iff i = j[mod(n)]; for any i ≤ n , j ≤ kn
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is a p-morphism from Ckn to Cn.

Proof. The function f may be described as winding Ckn to Cn k-times. It
is onto. Let xjRxj+1. Obviously, f(xj)R

′f(xj+1) since f(xj) = yj[mod(n)],
f(xj+1) = yj+1[mod(n)] and yj[mod(n)]R

′yj+1[mod(n)]. Now, we check the con-
dition (p3) of p-morphism. Let f(xj)R

′xi. If f(xj) = xi then the thesis
is trivial. Let f(xj) 6= xi and suppose f(xj) = yi+1 (it could be also
f(xj) = yi−1, but it is analogous). Then we take the point xj−1 if j ≥ 2
(or xkn if j = 1). We get xjRxj−1 and f(xj−1) = yi (or x1Rxkn and
f(xkn) = y1, appropriately). �

The above Lemma may be strengthened to an equivalence.

Theorem 8. Let n ≥ 5. The frame Cm is reducible to Cn iff n|m.

Proof. The proof of the simple implication proceeds analogously to the one
for wheel frames, which may be found in the paper [18]. Below, we present
its shortcut. In the circle Cm all cells are internal and have one point. Any
function gluing more than two neighboring points from Cm and mapping
them onto some point from Cn is not a p-morphism (see proof of Theorem
7). Hence, let f : Cm → Cn, Cm = 〈Wm, R〉, Wm = {x1, . . . , xm}, m ≥ 5
and Cn = 〈Wn, R

′〉, Wn = {y1, . . . , yn}. We may suppose that f(x1) = y1
and f(x2) = y2 (up to a re-enumeration and re-orientation of Cn). Now,
again, if f(xi) = yj and f(xi−1) = yj−1 then f(xi+1) = yj+1, etc. Hence
we wind wind Cm to Cn and finish at f(xm) = yn. If not then we get a
contradiction with (1).

�

Similarly to Lemma 11 we may describe reductions from CLOB to
CLOB(1).

Lemma 14. Let F ∈ Ck
n and Cn ∈ CLOB(1). Then F is reducible to Cn.

Proof. Let C(k1, k2, ..., kn), 1 ≤ ki ≤ k for i = 1, 2, ..., n. To reduct Ck
n to

Cn we glue points from each cell from the first frame and map them onto
the one-point cells from Cn. Such a gluing is the p-morphism. �

Let us remind (see the proof of Lemma 12) that any function mapping
points from one cell onto two points from distinct cells is not a p-morphism.
We notice again, that the described in Lemma 14 p-morphism, is a unique
one (up to isomorphism of Cn). As a conclusion of Lemma 14 (and a coun-
terpart of Lemma 12 for circles) we get:

Corollary 7. Let k, n,m ≥ 1. Then any frame F ∈ Ck
n is reducible to Cm

iff the appropriate frame Cn ∈ CLOB(1) is reducible to Cm.
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2.2.3. Reductions between CLOB and OLOB. Now, we describe p-morphisms
from CLOB to OLOB. We start with the classes CLOB(1) and OLOB(1).

Lemma 15. Let C2n, n ≥ 1 be a circular frame from CLOB(1) and Chn –
a chain frame from OLOB(1). Then C2n is reducible to Chn.

Proof. Let C2n = 〈W2n, R〉, where W2n = {x1, x2, ..., x2n} and Chn =
〈W ′n, R′〉 where W ′n = {x′1, x′2, ..., x′n}. We define the p-morphism as fol-
lows:

f(xi) = x′i for each i ≤ n ,
f(xi) = x′2n−(i−1) for each n < i ≤ 2n.

We notice that the p-morphism is very similar to the one defined in the
proof of Lemma 6. It is holding up of the circle in half. See Fig. 8. The
proof proceeds similarly to the earlier one. �
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Figure 8. The diagram of p-morphism from C6 to Ch3.

For circle frames with an even number of points there is possible to define
another kind of p-morphism.

Lemma 16. Let C2n, n ∈ N be a circular frame from CLOB(1) and Chn+1

– a chain frame from OLOB(1). Then C2n is reducible to Chn+1.

Proof. Let C2n = 〈W2n, R〉, where W2n = {x1, x2, ..., x2n} and Chn+1 =
〈W ′n+1, R

′〉 where W ′n+1 = {x′1, x′2, ..., x′n, x′n+1}. We define the p-morphism
as follows:

f(xi) = x′i for each i ≤ n+ 1 ,
f(xi) = x′2n−(i−2) for each n+ 1 < i ≤ 2n.

We notice that the p-morphism is very similar to the one defined in the
proof of Lemma 8. It is another holding up in half of the circle and gluing
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2n− 2 points. Two points are not glued and they are mapped onto x′1 and
x′n+1, respectively. �

Circle frame with an odd number of points is also reducible to a chain
frame.

Lemma 17. Let C2n−1, n ∈ N be a circular frame from CLOB(1) and Chn
– a chain frame from OLOB(1). Then C2n−1 is reducible to Chn.

Proof. Let C2n−1 = 〈W2n−1, R〉, where W2n−1 = {x1, x2, ..., x2n−1} and
Chn = 〈W ′n, R′〉 where W ′n = {x′1, x′2, ..., x′n}. We define the p-morphism as
follows:

g(xi) = x′i for any i ≤ n
g(xi) = x′2n−i for any n < i ≤ 2n− 1

The p-morphism is also very similar to the one defined in Lemma 8 and
the proof is actually analogous to the earlier one. �
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Figure 9. The diagram of p-morphism from C5 to Ch3

To describe more precisely the reductions from CLOB(1) to OLOB(1)
we also get:

Lemma 18. For each n > 2, the chain frame Chn is a reduct of the following
circle frames: C2n−2, C2n−1 and C2n. There is no smaller circle frame
reducible to Chn.

Proof. The first part follows from Lemmas 15-17 The second one is a con-
sequence of the fact that there is no p-morphism from Cm, m ≥ 3 to Chn
such that 2n > m+ 2. �

To complete the description of reductions from CLOB toOLOB we notice
that:
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Corollary 8. For each n > 2 the chain frame Chn is a reduct of a circle
frame F ∈ Ck

m if m ∈ {2n− 2, 2n− 1, 2n} and any k ≥ 1.

Let us observe that there are more possible reductions CLOB(1) toOLOB(1).
They will be obtained by a superposition of the reduction described above
and the other described in two previous subsections.

Now, we discuss the case of reduction of infinite circle C∞.

Lemma 19. The frame C∞ is reducible to any Chn, n ≥ 1.

Proof. We choose the ‘first’ point of C∞ quite arbitrarily and map it onto
the external point of Chn. Then the next point (from ‘left side’) of C∞ is
mapped onto the next one of Chn, and and so on. Analogously for points
from ‘right side’ of the chosen point from C∞. If we reach the other external
point of Chn then we turn back. The mapping takes an infinite number of
times. Such function is a p-morphism. �

Theorem 9. Let Chn be a chain frame from OLOB(1). Then for any k ≥ 1
and any m ≥ 2(n− 1)2 + 2 the frames F ∈ Chkm and G ∈ Ck

m are reducible
to Chn.

Proof. From Corollary 5 we conclude that for any k ≥ 1 and any m ≥
(n − 1)2 + 1 frame F ∈ Chkm is reducible to Chn. Then it also holds for
m ≥ 2(n− 1)2 + 2.

For a circle frame G ∈ Ck
m we reduce it first to the circle frame Cm (see

Lemma 14). If m is even then by Lemma 16 we reduce Cn to Chm
2
; if m

is odd, then Cm is reducible to Chm+1
2

(see Lemma 15). Superposition of
two reductions is a reduction. We apply Corollary 3 to frames: Chm

2
and

Chm+1
2

. They are reducible to Chn for any m such that m
2 ≥ (n − 1)2 + 1

(and m+1
2 ≥ (n − 1)2 + 1 ). By a simple calculation we get that for any

m ≥ 2(n− 1)2 + 2, the frame G ∈ Ck
m, k ≥ 1 is reducible to Chn.

�

From Lemmas 19 and 14 we also get:

Corollary 9. Let F ∈ Ck
∞. Then F is reducible to Chn for any n ≥ 1.

On the other side, one may noticed that there are no reductions from
OLOB(1) to CLOB(1) neither from OLOB to CLOB.

2.3. Splittings. Since the cardinality of the family NEXT (KTB.3′A) is
continuum, then we shall find and describe some interesting proper sub-
lattices of the whole investigated lattice. A powerful method of division
of a complete lattice into two special parts is the method of splitting. By
splitting we get a sharp line of division of the whole lattice.
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Definition 12. Let L := 〈L,∧,∨〉 be a lattice and a ∈ L. Then a splits L
if there exists b ∈ L such that for any x ∈ L, either x ≤ a or b ≤ x, but not
both. The pair (a, b) is called a splitting pair of the lattice L. The element
a splits the lattice, whereas the element b is called the splitting partner of a.

Sometimes, a trivial splitting holds when a < b.In such a case a is a
unique cocover of b and b is a unique cover of a.
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Figure 10. A splitting of a lattice L.

To deal with splittings we need the notion of a characteristic formula. It
was first introduced for intuitionistic logic (and Heyting algebras) by [6],
but later the notion was adopted to modal logics as well. Then, by the
theory of duality, characteristic formulas are also used for Kripke frames.
For each finite frame F = 〈W,R〉 we define its diagram ∆F as follows:

• for each element a ∈W we fix a distinct propositional variable pa.
• ∆F := {pa → ♦pb : aRb} ∪ {pa → ¬♦pb : ¬(aRb)} ∪ {pa → ¬pb :
a 6= b} ∪

{∨
x∈W px

}
The characteristic formula for the frame F is defined δF :=

∧
∆F. We

say that a KTB-frame F = 〈W,R〉 has a finite depth n if for any y ∈W it
holds that xRny, for any root x of F. The depth of F is a minimal such an
n. Let us remind that in a connected KTB-frame each point is a root.

If the frame F determines the logic L(F) that splits the given lattice,
then we say that F splits the lattice. Let F be a frame of finite depth
n, that splits NEXT (L0). For the given point x we take the formula
κF,x := �nδF → ¬px. Obviously, for the given valuation V we get

x 6|=V κF,x .
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Similarly, for any other point y (which may be also treated as a root) we
get

y 6|=V κF,y.

The formulas κF,x and κF,y are somehow equivalent in the sense that, for
any valuation V

x 6|=V κF,x ⇔ y 6|=V κF,y .

Hence, actually we may choose any point as a root.
The splitting partner of L(F) is the logic L0 ⊕ κF,x. It is the smallest

logic not verified by F. It will be also denoted by L0/F. Then the splitting
pair in NEXT (L0) is the following:

{L(F), L0 ⊕ κF,x}.
The following theorem [15] is called the general splitting theorem:

Theorem 10. Let L0 ∈ NEXT (K) and F be a finite Kripke frame with a
root r. Then the following conditions are equivalent:
(i) F splits NEXT (L0).
(ii)There is n ∈ N such that for any frame G with G |= L0, if �(n)δF∧ is
satisfiable in G, then �(m)δF ∧ pr is also satisfiable in G for any m > n.

The symbol �(n) is defined as usual: �(1)p = p ∧ �p, �(n)p = p ∧
�(�(n−1)p). In reflexive structures (in KTB-frames as well) the condition
(ii) is simplified to the following one:

(ii’) There is n ∈ N such that for any frame G with G |= L0, if �nδF∧ pr
is satisfiable in G, then �mδF ∧ pr is also satisfiable in G for any m > n.

Here, we also should remember that the root r may be chosen quite
arbitrarily.

Theorem 11. [17] Let L0 be a modal logic which has f.m.p. If L splits
NEXT (L0), then there exists a finite subdirectly irreducible algebra B such
that L = L(B).

Finite subdirectly irreducible KTB-algebras are in fact simple algebras
and they correspond to finite connected KTB-frames. The following two
logics split the lattice NEXT (KTB):

(1) L(◦), where ◦ is the frame of one reflexive point [16].
(2) L(◦ − ◦), where ◦ − ◦ is the frame of two points with full relation

[19].
One may notice that the frame of one reflexive point is the chain Ch1,

whereas the frame of two points with full relation belongs to the one-element
class Ch21. Further, in [14] it is proven that:

Theorem 12. The logics L(◦) and L(◦ − ◦) are the only logics that split
the lattice NEXT (KTB).
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2.4. Splitting in NEXT (KTB.3′A). By Theorem 11 we know, that look-
ing for frames that split the lattice NEXT (KTB.3′A) (which is a sublat-
tice of NEXT (KTB)), we may restrict our attention to the class of finite
connected frames from LOB.

We notice that:

Remark 1. Let F ∈ LOB has n + 1 of cells, n ≥ 3. Then its depth is at
most n.

Remark 2. Let F = 〈W,R〉 ∈ LOB consists of n+ 1 cells. Then �nδF∧px
is satisfiable at x ∈W , for any x ∈W .

Lemma 20. Let F1 = 〈W1, R1〉, F2 = 〈W2, R2〉 be two connected frames
from LOB and F1 - a finite one. Then the following conditions are equiva-
lent

(i) there is a p-morphism from F2 to F1.
(ii) the formula �nδF1∧px is satisfiable in F2 for any n ∈ N and x ∈W1.

Proof. (i)→ (ii) Let f : F2 → F1 be a p-morphism. We take the following
valuation in F2:

V : f−1(a)→ pa, for all points f−1(a) ∈W2.

Then the formula �nδF1 ∧ px is satisfiable at f−1(x) in F2 for any n ∈ N.
(2) → (1). If the formula �nδF1 ∧ px is satisfiable at some point y ∈ W2

for any n ∈ N, then it means that we may follow the valuation V from F1

which leads to the characteristic formula. V in F1 was defined as usual:
for each point a ∈ W1 it assigns a variable pa. We stretch the valuation V
on the whole frame F2. Then the needed p-morphism is defined: obviously
f(y) = x and also f(yi) = xj iff V (yi) = pxj for any xj ∈ W1 and yi ∈ W2.
The conditions (p2) and (p3) for p-morphisms are fulfilled. �

On the base the above equivalence between existence of p-morphisms and
satisfiability of characteristic formula we get:

Lemma 21. Let Chn with n ≥ 3, be a finite and connected chain frame
from OLOB(1). Then L(Chn) splits the lattice NEXT (KTB.3′A).

Proof. Let Chn be a chain frame from OLOB(1). From Theorem 9 we
deduce that for any k ≥ 1 and any m ≥ 2(n − 1)2 + 2 frames from Chkm
and Ck

m are reducible to Chn. From Lemma 20 we see that the formula
�mδChn ∧ px is satisfiable in these frames. Hence there is an m0 ∈ N (and
m0 = 2(n − 1)2 + 2) such that for any frame G ∈ LOB, if �m0δChn ∧ pr is
satisfiable in G, then �m′

δChn ∧ pr is also satisfiable in G for any m′ > m0.
The condition (ii’) of the Kracht theorem is fulfilled. Then we conclude that
for each n ≥ 3 the finite frame Chn splits the latticeNEXT (KTB.3′A). �
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Below, we shall prove that no other finite frame from LOB splits the
investigated lattice. Theorem 10 implies that a finite and connected frame F
from LOB does not split NEXT (KTB.3′A) if there is a sequence (Gn)n∈N
of frames from LOB such that for any n ∈ N the following conditions are
fulfilled:
(I) �nδF ∧ px is satisfiable in Gn

(II) there is an m > n such that �mδF ∧ px is not satisfiable in Gn.

Lemma 22. Let F ∈ Chks , s ≥ 3 be a frame from OLOB\OLOB(1). Then
F does not split NEXT (KTB.3′A).

Proof. Let the frame F = 〈W,R〉 be written as the following sequence
(k1, k2, ..., ks) of cells, where ki ≤ k for each i = 1, 2, ..., s. The number of
points in F is equal K =

∑s
i=1 ki. Additionally, the points belonging to the

cell Ci will get upper index and be denoted x(i)l . We take K propositional
variables and define the suitable map V for any x(i)l ∈W as: V (x

(i)
l ) = p

(i)
l ,

i = 1, 2, ..., s. At least one cell has more than 1 element. Let it be the cell
Ci0 . Suppose that 1 < i0 < s. Since Ci0 has at least two points, then the
following formulas belong to the diagram ∆F:

p
(i0−1)
1 → ♦p(i0)1 , p

(i0−1)
1 → ♦p(i0)2 , p

(i0)
1 → ♦p(i0)2 , p

(i0)
1 → ♦p(i0+1)

1 ,

p
(i0)
2 → ♦p(i0+1)

1 , p
(i0−1)
1 → ¬♦p(i0+1)

1 , p
(i0−1)
1 → ¬p(i0)1 , p

(i0−1)
1 → ¬p(i0)2 ,

p
(i0)
1 → ¬p(i0)2 , p

(i0)
1 → ¬p(i0+1)

1 , p
(i0)
2 → ¬p(i0+1)

1 , p
(i0−1)
1 → ¬p(i0+1)

1 .(3)

If i0 = 1, then the diagram includes the formulas:

p
(2)
1 → ♦p(1)1 , p

(2)
1 → ♦p(1)2 , p

(1)
1 → ♦p(1)2 , , p

(2)
1 → ♦p(3)1 ,

p
(1)
1 → ¬♦p

(3)
1 , p

(1)
2 → ¬♦p

(3)
1 , p

(2)
1 → ¬p

(1)
1 , p

(2)
1 → ¬p

(1)
2 ,(4)

p
(1)
1 → ¬p

(1)
2 , p

(1)
1 → ¬p

(3)
1 , p

(1)
2 → ¬p

(3)
1 , p

(2)
1 → ¬p

(3)
1 .

We define the sequence of frames (Gn)n∈N as follows. To the frame F
we add its copy by gluing to the cell Cs the same cell and then the other
part of the whole copy. After that we glue another copy F (now at the cell
C1) and so on. Then we add a tail, which is a chain of s one-point cells.
The applied method of pasting frames is actually very similar to the one
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described in [14].

G1 := (k1, k2, ..., ks, 1, 1, . . . , 1︸ ︷︷ ︸
s

),

G2 := (k1, k2, ..., ks, ks, ..., k2, k1, 1, 1, . . . , 1︸ ︷︷ ︸
s

),

G3 := (k1, k2, ..., ks, ks, ..., k2, k1, k1, k2, ..., ks, 1, 1, . . . , 1︸ ︷︷ ︸
s

),

...

Formally, the sequence is defined as follows. The frame Gn has s(n + 1)
cells (C1, C2, ..., Cs(n+1)) and they have the following numbers of elements:

|Ci| = |Ci+2s| = . . . = |Ci+2ps| = ki for i = 1, 2, . . . , s and p ∈ N
and i+ 2ps < sn+ 1,

|Ci+s| = |Ci+3s| = . . . = |Ci+(2p+1)s| = ks+1−i for i = 1, 2, . . . , s and p ∈ N,
and i+ (2p+ 1)s < sn+ 1,

|Cns+1| = |Cns+2| = . . . = |C(n+1)s| = 1 .

As a root of each frame Gn, n ∈ N we may choose any point. So we take,
for example, x(1)1 ∈ C1. The formula �nδF ∧ p

(1)
1 is satisfiable in each frame

Gn at its root (for the given n). It is because the range of the formula is
n and points accessible from the the root in n steps follows the frame F.
Then we repeat the valuation V from F in each appropriate cell (but we
have to do this only in the distance n). But if we take m = s(n + 1) then
�mδF∧p

(1)
1 is not satisfiable at x(1)1 neither at any other point. It is because

in the tail each point sees at most two others (excluding itself). Hence the
conjunction of formulas (3) (or (4)) can not be satisfiable for any valuation.

�

Then we shall prove that no circular frame may split the lattice
NEXT (KTB.3′A). First, we shall consider frames from CLOB(1).

Lemma 23. Let Cs with s > 3 be a frame from CLOB(1). Then Cs does
not split NEXT (KTB.3′A).

Proof. The frame Cs = 〈W,R〉, s > 3 consists of s points forming a circle.
For technical reason we shall numerate them as x0, x1, ..., xs−1. For each
point xi we take a propositional variable pi, i = 0, 1, 2, ..., s − 1 and define
as usual the suitable map V (xi) = pxi for all xi ∈W . One may notice that
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the following formulas belong to the diagram ∆Cs :

p0 → ♦p1, p1 → ♦p2, ..., ps−2 → ♦ps−1, ps−1 → ♦p0,

p0 → ♦ps−1, p1 → ♦p0, ..., ps−2 → ♦ps−3, ps−1 → ♦ps−2,

p0 → ¬p1, p1 → ¬p2, ..., ps−2 → ¬ps−1, ps−1 → ¬p0.(5)

As a sequence (Gn)n∈N we take the sequence of chain frames:

Gn := Ch(n+1)s.

In each frame Gn, n ∈ N as a root we choose the point xs+n. The
valuation is defined as follows:

V ′(xk) = p(k−n)[mod(s)], for 0 ≤ k ≤ (n+ 1)s− 1.

Obviously, in the root we have V ′(xs+n) = p0. If k < n then the subtraction
(k − n)[mod(s)] is treated as adding the inverse element. For example, for
s := 4 and n := 5 we get k := 0, 1, ..., 23 and

V ′(x0) = p(0−5)[mod(4)] = p(0+3)[mod(4)] = p3,

V ′(x1) = p(0−4)[mod(4)] = p(0+0)[mod(4)] = p0, ... ,

V ′(x9) = p(9−5)[mod(4)] = p0, ... , V
′(x23) = p(23−5)[mod(4)] = p2.

Let us notice that the chosen root xs+n is distant from the external nodes
more than n steps. Then the formula �nδCs ∧ p0 is satisfiable in each frame
Gn at the chosen root. It is because the range of the modality is n, not
more. However for m = ns the formula �mδCs ∧p0 is not satisfiable at xs+n

neither at any other point. It is because, now, the range of modality covers
the entire frame (also its first and last points). In each chain frame Chns
the last point (say xns) sees only one other point: xns−1. If, we valuate xns
with some pk, k = 1, ..., s − 2, then it must be possible to valuate at xns
also: pk → ♦pk+1 and pk → ♦pk−1, and variables pk−1, pk and pk+1 are
distinct. (If k = 0 then we take variables: ps−1, p0 and p1; if k = s− 1 then
we take variables: ps−2, ps−1 and p0.) But it is impossible since xns sees
only one point. Hence the conjunction of formulas (5) can not be satisfiable.
We proved that the condition (II) does not hold for the defined sequence
Gn. �

Now, we shall prove that no other circular frame may split the lattice
NEXT (KTB.3′A). Then we consider frames from CLOB \ CLOB(1).

Lemma 24. Let F ∈ Ck
s , s > 3, k > 1 be a frame from CLOB. Then F

does not split NEXT (KTB.3′A).

Proof. The proof proceeds analogously to the proof of Lemma 23. The
number of points in cells is not important in the proof. As the sequence of
frames Gn we take again a sequence of chains (built up from cells having
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appropriate to Ck
s number of points). The formula �mδF ∧ p1 with m = ns

can not be satisfiable since the first and the last points exist in each Gn. �

Theorem 13. Let F be a finite and connected frame from LOB. Logic L(F)
splits the lattice NEXT (KTB.3′A) iff F ∈ OLOB(1).

Proof. It follows from Lemmas 21 – 24. Let us add that in the case of Ch1 we
get the logic L(◦) that splits also the bigger lattice NEXT (KTB), whereas
Ch2 is in fact, a chain frame having one two-point cell. But it determines the
logic L(◦ − −◦), (which also splits the bigger lattice NEXT (KTB)). �

2.5. Structure of the lattice NEXT (KTB.3′A). Studying the lattice
NEXT (KTB.3′A) we want to emphasize that all elements of the lattice
are Kripke complete modal logics [11]. The cardinality of lattice is contin-
uum [13]. From Theorem 13 we know all the logics that split the lattice
NEXT (KTB.3′A). They are the logics L(Chn), n > 0. For any such logic
its appropriate splitting partner is the logic KTB.3′A ⊕ �nδChn → ¬px
which is the smallest logic not verified by Chn.

Example 4. The logic L(Ch2) := L(◦ − ◦) splits the lattice
NEXT (KTB.3′A) trivially. The frame Ch2 is, in fact, the two-element
cluster. Then its splitting partner must be the trivial logic L(◦).

Example 5. The logic L(Ch3) := L(◦ − ◦ − ◦) splits the lattice
NEXT (KTB.3′A). See Fig. 11.
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Figure 11. The splitting of a lattice NEXT (KTB.3′A)
by L(Ch3).
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Let us notice that the logic S5, which is determined by family of clusters,
is not a splitting logic. It is a sup-logic of KTB.3′A⊕ κCh3 . Another sup-
logic of KTB.3′A ⊕ κCh3 is the logic L(Ch4) (since it is not sub-logic of
L(Ch3).

Analogously, S5 is a sup-logic of KTB.3′A⊕κCh4 . Then we will consider
a join-splitting of NEXT (KTB.3′A).

Definition 13. Let L := 〈L,∧,∨〉 be a lattice. Then b ∈ L is a join-splitting
of L by F ⊆ L if all a ∈ F split L and b =

∨
{L/a : a ∈ F}. Element b is

denoted by L/F .

One may notice that all chain frames as well as circular frames which have
more than 3 cells are reduced to Ch3 or to Ch4. It follows from Theorem
6, Lemmas 11 and 14, and Lemmas 15 – 17. Then the join-splitting by
{L(Ch3), L(Ch4)} gets us the logic determined by frames having at most
two cells. But such frames are, in fact, clusters. Then we have:

Example 6. Let F = {L(Ch3), L(Ch4)}. Then S5 = KTB.3′A/F . See
Fig.12.
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Figure 12. A join-splitting of a lattice NEXT (KTB.3′A).

Remark 3. The logics L(Chn), n ≥ 1 have an elegant axiomatization. If
n = 1 then L(◦) = Triv and is axiomatized by adding the axiom p ↔ �p.
For n ≥ 2 we take the appropriate axiom (4n−1) and the axiom:

alt3 := �p ∨�(p→ q) ∨�((p ∧ q)→ r) ∨�((p ∧ q ∧ r)→ s).

And we get L(Chn) = KTB.3′A⊕ alt3 ⊕ (4n−1), for n ≥ 2.
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Our next aim is to characterize some fragments of the lattice
NEXT (KTB.3′A) in details. We would like to describe neighbors of some
well described logics, especially L(Chn) , n ∈ N.

Definition 14. A modal logic M is a cocover of L in the lattice
NEXT (L0) iff the following two conditions hold:

1) M ⊂ L
2) for any modal logic M ′, if M ⊂M ′ ⊂ L then M = M ′ or M ′ = L.

Respectively, one may define the notion of a cover M ⊃ L of a logic L.
Obviously, if M is cocover of L, then L is a cover of M .

We know that all normal extensions of KTB.3′A are Kripke complete
and have f.m.p. As a consequences of the Lemma 18, Theorem 7 and
Lemma 20 we conclude that cocovers of each L(Chn) with n ∈ N belong to
OLOB(1), CLOB(1) or are determined by some frames from Ch2n, n ∈ N.

Example 7. The logic L(Ch1) determined by the trivial chain Ch1 has one
cocover - the logic L(Ch2) = L(◦ − −◦).

Example 8. The logic L(Ch2) have 3 cocovers - logics: L(Ch(3)) (which is
the logic determined by three element cluster), L(Ch3), L(Ch4).

Example 9. The logic L(Ch3) has 8 cocovers: L(Ch5), L(Ch6), L(Ch7),
L(Ch8), L(C5), L(C6), L(Ch(1, 2, 1)) and L(Ch(1, 1, 2)).

Example 10. The logic L(Ch4) has 12 cocovers: L(Ch7), L(Ch8), L(Ch10),
L(Ch11), L(Ch12), L(Ch17), L(Ch18) L(C6), L(C7), L(C8), L(Ch(1, 1, 2, 1))
and L(Ch(1, 1, 1, 2)).

We see that L(Ch7), L(Ch8) and L(C6) are the common cocovers of both
the logics: L(Ch3) and L(Ch4). Let us consider Example 9. The splitting
partner of logic L(Ch3) is the smallest logic not verified by Ch3. We know
from Lemmas 15 – 17, Theorem 6 and Lemmas 11 and 14 that the only
frames from LOB which are not reduced to Ch3 are the once from the
classes: Chk4, Ck

3 , and Ck
7 , k ∈ N. Then the splitting partner of the logic

L(Ch3) is {L(F) : F ∈ Chk4 ∩ Ck′
3 ∩ Ck′′

7 } with k, k′, k′′ ≥ 1.
Similarly, as in Examples 9 and 10 we may describe cocovers of logics

L(Chn) for n > 4. One may notice that their number is always finite.

3. Final remarks

Although the family of NEXT (KTB.3′A) has cardinality continuum,
it has occurred that some fragments of its structure are relatively simple.
This is because the latticeNEXT (KTB.3′A) has countably many splitting
logics. They are splitting partners of the logics determined by chains of
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points. Moreover, the logic S5 has a strong position in this lattice being
the join-splitting logic by L(Ch3) and L(Ch4).

The lattice of NEXT (KTB.3′A) requires further investigations. For
example, we report the problems 1:

Problem 1. Let L = KTB.3′A⊕ κChn be the splitting partner of L(Chn),
for n > 2. And let NEXT (L) be the lattice of its extensions. Is its cardi-
nality finite for the given n? Is it possible to describe the structure of this
lattice?

Problem 2. The logics L(Chn), n ≥ 1 are tabular and form the decreasing
sequence

L1 ⊃ L2 ⊃ L3 ⊃ ...
where Li+1 is a cocover of Li. We define i-th slice as {L : L′i ⊆ L ⊆ Li}
where L′i is the splitting partner of Li+1. Is this possible to describe such
sequences of slices in NEXT (KTB.3′A)?

Our future work will also concern the following problems:
(1) Existence of Halldén complete logics in NEXT (KTB.3′A),
(2) Existence of logics with the interpolation property in

NEXT (KTB.3′A),
(3) Algebraic counterpart of KTB.3′A.
Let us also notice that the axiom (3′) can be generalized (analogously

like alt3 to altn). Then our next research will concern also Kripke frames
with a higher number of branching.

Acknowledgements. Author is very grateful anonymous referee for his
valuable remarks.
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ECONOMIC-MATHEMATICAL MODEL FOR RISK
MANAGEMENT OF SALES CHANNELS

OF SMALL ENTERPRISES

TAMARA KYRYLYCH

Abstract

The importance of economic and mathematical study of small enterprises is empha-
sized as an innovative element of economic development. The potential risks appearing
during choice of distribution channel of small enterprises are structured, actions for mini-
mizing the risks are indicated. The need to identify the most threaten risks is emphasized,
for this purpose the ABC-analysis is recommended. The mathematical tools are devel-
oped to minimize risks when choosing sales channels of small enterprises. The model
of optimization management of the choice of sales channels based on minimizing risk is
proposed. As an example, Svitovyr LLC (Lviv, Ukraine) was considered. The optimal
production distribution between the direct (exhibition sales, internet sales) and indirect
(specialized hypermarket, distribution network) sales channels was proposed.

1. Introduction

Global trends and positive experience of leading European countries give
grounds to assert that small business activity is stirred up, has state support,
and investment in small business is emphasized as a key area of economic
development. In the realization of its economic activity, small business is
faced with the choice of effective sales channels influenced by many fac-
tors, including risk management and the possibility of timely and flexibly
respond to the changing situation. At the same time, identifying the most
threatening risks becomes ripe for effective and timely counteraction. The
important element of risk management in small business consists in risk
reduction through the development of the mathematical tools ensuring op-
timization of sales channels selection under minimal risks.

2. Potential risks

Current economic conditions of small enterprises are characterized by in-
creased uncertainty and risks which are difficult to predict; at the same time
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they are an integral part of firm functioning. Effective risk-management of-
ten becomes the determining factor of success for many small enterprises
that use several sales channels in their work. In the conditions of uncer-
tainty, happy choice of mathematical tools for risk minimization acquires
particular importance.

Studying and summarizing the literature on the problem of mathematical
support of risk analysis [1], [9], [11] gives reason to believe that today there
are many approaches and ways to solve this problem, but in practice they
are rarely used because of complex mathematical tools, the long duration
of collecting primary data for formulation of the original problem as well
as the lack of professional experts who would solve the tasks. From the
viewpoint of practical applications, the method of ABC-analysis is simple
enough to identify groups of phenomena that carry the greatest impact on
the state of the object under consideration. To identify risks which should
be counteracted in the first place, the approach of Italian scientist Vilfredo
Pareto proposed in 1906 will be used. He observed that 80% of the risks
are caused by 20% of potential threats.

This principle forms the basis of the sum method, tangent method,
empiric method and other modifications of the ABC-analysis, which in-
volve a division of objects into groups A, B, C (or, if necessary, into smaller
ones). The objects of the group A have the greatest influence on risks;
the objects of the group B exert a medium influence, and the objects of the
group C (all other risks) exerts the smallest influence. Many scientists turn
their attention to this method (see [2], [4]–[7], [13], [15], among others). It
was found that the use of ABC-analysis for identifying the most influential
risks (risks with the highest probability of occurrence) will help to identify
potential threats and take urgent actions to minimize or eliminate them.
This method is simple in practical application, which is a strong argument
in favor of its use by small enterprises, where the number of employees is
small and the involvement of external experts is expensive.

Now we determine the risk classification based on the structure of po-
tential risks arising in the selection of sales channels by small enterprises
(Figs. 1–3).

Interpreting the obtained results, we recommend to prevent the first two
types of risks (economic and investment), belonging to the group A. Elimi-
nating or minimizing the impact of these risks will ensure the total threats
liquidation by almost 80%.

Having defined the most significant risks appearing during selection of
sales channels, we will draw our attention to key indicators which charac-
terize the risk. For economic and investment risks, the sales channel prof-
itability can be considered as such an indicator which may be determined
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Figure 1. High risks.
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Figure 2. Average risks.
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Figure 3. Low risks.

based on the experience of cooperation with the sales channel or based on
the statistical data. This approach ensures consideration of the past expe-
rience as an accented lever to prevent risk. The current practice of small
enterprises shows that their finances as a rule are based on credits. Hence,
for an enterprise it is very important to minimize the risks connected with
the loss of funds. In the economic literature, this approach is called the
strategy "First Security" [10], [14].

To identify the best combination of sales channels of small enterprise, the
"portfolio" theory of Harry Markowitz [3], [8] will be used and adapted for
optimization of production distribution. The use of this theory allows us
not only to compare the riskiness of sales channels but also to determine
the risk level under the established profitability of each of the analyzed
distribution channels. In this case, the profit level per sale unit for at least
five periods creates the necessary input data which permits us to calculate
the averaged profit. The "Portfolio" Markowitz theory is based on the
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principles of risk minimization and expresses the mathematical relationship
between risk and profitability. After collecting the primary information
concerning the profitability per unit in each of the analyzed sales channels,
we calculate the values of pairwise covariation which reflect the relations
between profitability of compared distribution channels:

(1) cov (Pi, Pj) =
1

N − 1

N∑
k=1

(
Pi(k) − ri

) (
Pj(k) − rj

)
,

i = 1, . . . , n, j = 1, . . . , n,

where Pi(k) is profitability of the selected assortment item in the i-th sales
channel within the span of some period, ri denotes the mean value of prof-
itability of every sales channe, N is the number of years.

The next stage of sales channels optimization on the basis of risk mini-
mization consists in creation of forming a matrix of pairwise covariations of
profitability of production unit in each sales channel of an enterprise. This
matrix is symmetric with respect to the main diagonal:

(2) A (cov) =


A 11 A 12 . . . A 1n

A 21 A 22 . . . A 2n

...
...

...
...

An1 An2 . . . Ann

 ,

where A ij = cov (Pi, Pj). After this the inverse matrix A (cov)−1 is calcu-
lated.

The essence of the model of optimal allocation of product sales between
distribution channels based on risk minimization consists in finding such
a ratio of product which will minimize the risks of using a specific set of sales
channels [12]. To do this, we calculate the mean squared deviation based on
consideration of the percentage ratio of product distribution between sales
channels:

(3) σ = X ·A (cov)−1 ·XT,

where X is a vector with components xi, XT is the transposed vector, xi
denotes the part of the production distributed using the i-th sales channel,
A (cov)−1 is a matrix inverse to the covariance matrix.

The final stage of problem formulation involves the construction of the
objective function and constraints based on the Markowitz model (the mean
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squared deviation reflects the risk level of the sales channels):

σ = X ·A (cov)−1 ·XT → min,(4)
n∑

i=1

xi = 1,(5)

xi ≥ 0, i = 1, . . . , n.(6)

To illustrate the proposed method, we present the information on prof-
itability of single-phase transformer (Table 1) in direct (exhibition sales,
internet sales) and indirect (specialized hypermarket, distribution network)
sales channels of Svitovyr LLC (Lviv, Ukraine) during 2010–2014 [12].

Table 1. The values of profit per production unit (UAH) for the
single-phase transformer in the sales channels of Svitovyr.

Exibition Internet Specialized Distribution
Sales Sales Hipermarket Network

2010 117.50 126.26 127.75 109.00
2011 124.44 162.97 154.22 105.78
2012 132.15 170.16 178.40 129.65
2013 175.27 172.35 187.45 133.80
2014 161.13 152.46 166.71 101.42

The mean
profit value per 142.10 156.83 162.91 115.93
production unit

In the considered case, the covariance matrix takes the form:

(7) A (cov) =


619.6 236.0 437.6 132.5

236.0 353.4 398.6 168.4

437.6 398.6 542.1 231.9

132.5 168.4 231.9 217.3

 .

The inverse matrix is calculated as

(8) A (cov)−1 =
1

1012


8.61 12.38 −17.85 4.21

12.38 34.41 −38.02 6.35

−17.85 −38.02 49.59 −12.57
4.21 6.35 −12.57 10.53

 .
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The objective function which should be minimized is written as:

σ = (x1, x2, x3, x4) ·


8.61 12.38 −17.85 4.21

12.38 34.41 −38.02 6.35

−17.85 −38.02 49.59 −12.57
4.21 6.35 −12.57 10.53

 ·


x1

x2

x3

x4


or

(9)

σ = 8.61x21 + 24.76x1x2 − 35.70x1x3 + 8.42x1x4

+ 34.41x22 − 76.04x2x3 + 12.70x2x4 + 49.59x23

− 25.14x3x4 + 10.53x24 → min

with the constraints

(10) x1 + x2 + x3 + x4 = 1 ,

(11) x1 ≥ 0, x2 ≥ 0, x3 ≥ 0, x4 ≥ 0 .

The convexity property of a quadratic form ensures that any local min-
imum must be a global minimum. A quadratic optimization problem is
convex if and only if the inverse covariance matrix in the objective func-
tion is positively defined, i.e. its eigenvalues are positive. In our case, the
characteristic polynomial of the inverse covariance matrix

(12) λ4 − 103.14λ3 + 1271.36λ2 − 3866.86λ+ 2234.67 = 0

has the following roots

(13)
λ1 = 0.75304 > 0, λ2 = 3.49805 > 0,

λ3 = 9.48931 > 0, λ4 = 89.3996 > 0.

Hence, the objective function is positively defined.
The problem is solved using the Lagrange multipliers: to find the mini-

mum of the function

(14)

L = 8.61x21 + 24.76x1x2 − 35.70x1x3 + 8.42x1x4 + 34.41x22

−76.04x2x3 + 12.70x2x4 + 49.59x23 − 25.14x3x4 + 10.53x24

−λ (x1 + x2 + x3 + x4 − 1)→ min .

The extremum conditions are:

(15)
∂L

∂x1
= 0,

∂L

∂x2
= 0,

∂L

∂x3
= 0,

∂L

∂x4
= 0
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or

(16)

17.22x1 + 24.76x2 − 35.70x3 + 8.42x4 − λ = 0,

24.76x1 + 68.82x2 − 76.04x3 + 12.70x4 − λ = 0,

−35.70x1 − 76.04x2 + 99.18x3 − 25.14x4 − λ = 0,

8.42x1 + 12.70x2 − 25.14x3 + 21.06x4 − λ = 0.

From system (16) we get:

(17) x1 = 0.7108λ, x2 = 0.5784λ, x3 = 0.8044λ, x4 = 0.3747λ

with

(18) λ = 0.4051.

Hence, the optimal production distribution between the sales channels
will be the following:

(19) x1 = 0.2880, x2 = 0.2343, x3 = 0.3259, x4 = 0.1518,

i.e. 28.80% for Exhibition Sales, 23.43% for Internet Sales, 32.59% for
Specialized Hypermarket, and 15.18% for Distribution Network.

3. Final remarks

We have identified and classified risks arising in small businesses. It was
found that the choice of sales channels of small enterprises is connected
with the problem of optimizing the combination of distribution channels.
As a result, the mathematical model has been formulated to identify the
optimal ratio of sales channels based on risk minimization, which is espe-
cially important for small businesses that have a high level of dependence
on credit. The use of this model will reduce financial expenditures of small
businesses when selecting channels of product distribution.
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SOME PROPERTIES OF OPENLY %-CONTINUOUS
FUNCTIONS

KATARZYNA NOWAKOWSKA

Abstract

In the paper we present definition and some properties of openly %-upper continuous
functions. Connections with %-upper continuous and porouscontinuous functions are
studied.

1. Preliminaries

In the paper we apply standard symbols and notations. By R we denote
the set of all real numbers, by N we denote the set of all positive integers.
The symbol λ(·) stands for the Lebesgue measure on R. By intA we denote
the interior of a set A. In the whole paper I = (a, b) is an open interval
(not necessarily bounded) and f is a real-valued function defined on I. By
f |A we denote the restriction of f to a set A ⊂ I. Symbol |J | stands for
length of a interval J .

Let E be a measurable subset of R and let x ∈ R. According to [4], the
numbers

d+(E, x) = lim inf
t→0+

λ(E ∩ [x, x+ t])

t
and

d
+

(E, x) = lim sup
t→0+

λ(E ∩ [x, x+ t])

t

are called the right lower density of E at x and right upper density of E at
x, respectively. The left lower and left upper densities of E at x are defined
analogously. If

d+(E, x) = d
+

(E, x)
(
d−(E, x) = d

−
(E, x)

)
then we call these numbers the right density (left density) of E at x and
denote it by d+(E, x) (d−(E, x)). The numbers

d(E, x) = max{d+
(E, x), d

−
(E, x)}
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and
d(E, x) = min{d+(E, x), d−(E, x)}

are called the upper and lower density of E at x, respectively.
If d(E, x) = d(E, x) then we call this number the density of E at x and

denote it by d(E, x). If d(E, x) = 1 then we say that x is a point of density
of E.

First, we recall the notion of %-upper continuity.

Definition 1.1. [6] LetE be a measurable subset of R, x ∈ R and 0 < % ≤ 1.
We say that x is a point of %-type upper density of E if either d(E, x) > %
if % < 1 or d(E, x) = 1 if % = 1.

Definition 1.2. [6] The function f : I → R is called %-upper continuous
at x ∈ I provided that there is a measurable set E ⊂ I such that x is a
point of %-type upper density of E, x ∈ E and f |E is continuous at x. If
f is %-upper continuous at each point of I then we say that f is %-upper
continuous.

By UC% we denote the class of all %-upper continuous functions defined
on I, whereas the symbol UC%(f) denotes the set of all points at which the
function f is %-upper continuous.

In an obvious way we define one-sided %-upper continuity. Obviously f
is %-upper continuous at x if and only if it is %-upper continuous at x on
the right or on the left.

Definition 1.3. [7] Let E be a measurable subset of R. Let x ∈ R and
0 < % ≤ 1. We say that x is a point of weakly %-type upper density of E if
d(E, x) ≥ %.

Definition 1.4. [7] The function f : I → R is called weakly %-upper con-
tinuous at x ∈ I provided that there is a measurable set E ⊂ I such that x
is a point of weakly %-type upper density of E, x ∈ E and f |E is continuous
at x. If f is weakly %-upper continuous at each point of I then we say that
f is weakly %-upper continuous.

By wUC% we denote the class of all weakly %-upper continuous functions
defined on I, whereas the symbol wUC%(f) denotes the set of all points at
which the function f is weakly %-upper continuous.

In an obvious way we define one-sided weakly %-upper continuity. Observe
that f is weakly %-upper continuous at x if and only if it is weakly %-upper
continuous at x on the right or on the left.

We recall the definition of approximate continuity.

Definition 1.5. [4] The function f : I → R is called approximately contin-
uous at x ∈ I provided that there is a measurable set E ⊂ I such that x is
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a point of density of E, x ∈ E and f |E is continuous at x. If f is approx-
imately continuous at each point of I then we say that f is approximately
continuous.

By A we denote the class of all approximately continuous functions.
In [1] J. Borsík and J. Holos introduced path continuity connected with

the notion of porosity. For a set A ⊂ R and an open interval I ⊂ R let
Λ(A, I) denote the length of the largest subinterval of I having an empty
intersection with A. Let x ∈ R. Then, according to [1], [5], the numbers

p+(A, x) = lim sup
t→0+

Λ(A, (x, x+ t))

t

and

p−(A, x) = lim sup
t→0+

Λ(A, (x− t, x))

t

are called the right-porosity of the set A at x and the left-porosity of the
set A at x, respectively. The porosity of the set A at x is defined as

p(A, x) = max{p−(A, x), p+(A, x)}.

The set A is called right-porous at a point x if p+(A, x) > 0, left-porous at
a point x if p−(A, x) > 0 and porous at a point x if p(A, x) > 0. The set
A is called porous if A is porous at each point x ∈ A. The set A is called
strongly porous at a point x if p+(A, x) = 1 or p−(A, x) = 1.

Definition 1.6. [1] Let r ∈ [0, 1), A ⊂ R, x ∈ A. The point x will be called
a point of πr-density of the set A if p(R \A, x) > r.

Let r ∈ (0, 1], A ⊂ R, x ∈ A. The point x ∈ A will be called a point of
µr-density of the set A if p(R \A, x) ≥ r.

Definition 1.7. [1] Let r ∈ [0, 1), x ∈ R. The function f : R → R will be
called
1. Pr-continuous at x if there exists a set A ⊂ R such that x ∈ A, x is a

point of πr-density of A and f |A is continuous at x,
2. Sr-continuous at x if for each ε > 0 there exists a set A ⊂ R such that
x ∈ A, x is a point of πr-density of A and f(A) ⊂ (f(x)− ε, f(x) + ε).

Let r ∈ (0, 1], x ∈ R. The function f : R→ R will be called
3. Mr-continuous at a point x if there exists a set A ⊂ R such that x ∈ A,
x is a point of µr-density of A and f |A is continuous at x,

4. Nr-continuous at x if for each ε > 0 there exists a set A ⊂ R such that
x ∈ A, x is a point of µr-density of A and f(A) ⊂ (f(x)− ε, f(x) + ε).

All these functions will be called porously continuous. Symbols Pr(f),
Sr(f),Mr(f), Nr(f) will denote the sets of all points at which the function
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f is Pr-continuous, Sr-continuous, Mr-continuous,
Nr-continuous.

2. open %-upper continuous functions

We define new classes of functions lying between the class of %-upper
continuous and the class of porously continuous functions.

Definition 2.1. Let % ∈ [0, 1), x ∈ I. The function f : I → R is called
1. P%-continuous at x if there exists an open set U ⊂ R such that d(U, x) >
% and f |U ∪ {x} is continuous at x.

2. S%-continuous at x if for each ε > 0 there exists an open set U ⊂ I such
that d(U, x) > % and f(U) ⊂ (f(x)− ε, f(x) + ε).

Let % ∈ (0, 1], x ∈ I. The function f : I → R is called
1. M%-continuous at x if there exists an open set U ⊂ I such that d(U, x) ≥
% and f |U ∪ {x} is continuous at x.

2. N%-continuous at x if for each ε > 0 there exists an open set U ⊂ R such
that d(U, x) ≥ % and f(U) ⊂ (f(x)− ε, f(x) + ε).

We denote the class of all P%-continuous, S%-continuous,
M%-continuous, N%-continuous by P%, S%, M%, N%, respectively. Symbols
P%(f), S%(f), M%(f), N%(f) denotes the sets of all points at which the
function f is P%-continuous, S%-continuous, M%-continuous, N%-continuous,
respectively.

Remark 2.1. In [3] similar functions are considered. But in the definitions
Ar(f) and Br(f) in [2] symmetric density is used. And there is connections
between Ar(f), Br(f), %-upper continuity and porouscontinuity.

Some obvious relations between sets of open %-continuity of f will be
described in the following propositions.

Proposition 2.1. Let f : I → R. Then
1. P%2(f) ⊂P%1(f) and S%2(f) ⊂ S%1(f) for 0 ≤ %1 < %2 < 1,
2. M%2(f) ⊂M%1(f) and N%2(f) ⊂ N%1(f) for 0 < %1 < %2 ≤ 1,
3. P%(f) ⊂M%(f) and S%(f) ⊂ N%(f) for 0 < % < 1,
4. M%2(f) ⊂P%1(f) and N%2(f) ⊂ S%1(f) for 0 ≤ %1 < %2 ≤ 1,
5. P%(f) ⊂ S%(f) for 0 ≤ % < 1,
6. M%(f) ⊂ N%(f) for 0 < % ≤ 1.

Proposition 2.2. Let f : I → R, % ∈ [0, 1). Then P%(f) ⊂ UC%(f).

Proposition 2.3. Let f : I → R, % ∈ (0, 1]. Then M%(f) ⊂ wUC%(f).

The following two propositions follow directly from the definitions.
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Proposition 2.4. Let % ∈ [0, 1), x ∈ I. If f : I → R is continuous at x
from the left or from the right then x ∈ S%(f) ∩P%(f).

Proposition 2.5. Let % ∈ (0, 1], x ∈ I. If f : I → R is continuous at x
from the left or from the right then x ∈ N%(f) ∩M%(f).

We will show that approximate continuity does not imply any open %-
upper continuity. To this end we need well known theorem of Zahorski.

Theorem 2.1. [4] Let E be a set of Fσ type such that d(E, x) = 1 for all
x ∈ E. There exists an approximately continuous function f : E → R such
that 0 < f(x) ≤ 1 for all x ∈ E and f(x) = 0 for all x 6∈ E. Then the
function f is also upper semi-continuous.

Example 2.1. We will give an example of approximately continuous func-
tion which does not belong to S0.

Let E ⊂ R be nowhere dense closed set with positive Lebesgue measure.
Let L(E) be a set of density points of E. Then λ(L(E)) = λ(E), by
Lebesgue Density Theorem [4]. Let F ⊂ L(E) be a set of Fσ type such
that λ(F ) = λ(L(E)). Then F ⊂ L(F ). By Theorem 2.1, there exists an
approximately continuous function f : R→ R such that f(x) ∈ (0, 1] for all
x ∈ F and f(x) = 0 for all x ∈ R \ F . Let x0 ∈ F , so f(x0) > 0. For all
0 < ε < f(x0) we have

{x : |f(x)− f(x0)| < ε} ⊂ F.

The set F is nowhere dense, so int{x : |f(x)− f(x0)| < ε} = ∅. Hence f is
not S0-continuous at x0.

The class of all weakly %-upper continuous functions consists the class of
all Lebesgue measurable functions [7], so all considered classes of functions
P%,S%,M%, N% consist the class of all Lebesgue measurable functions.

Lemma 2.1. Let U ⊂ R be open set, x0 ∈ R. Then

d(U, x0) ≥ p(R \ U, x0).

Proof. Let p(R \ U, x0) = c. Then p+(R \ U, x0) = c or p−(R \ U, x0) = c.
Without loss of generality we may assume that p+(R \ U, x0) = c. There-
fore there is decreasing sequence {hn}n≥1 of positive numbers such that
lim
n→∞

hn = 0 and

p+(R \ U, x0) = lim
n→∞

Λ (R \ U, (x0, x0 + hn))

hn
.

Therefore there is a sequence of open intervals {In}n≥1 such that In ∩ (R \
U) = ∅ and |In| = Λ (R \ U, (x0, x0 + hn)). Then In ⊂ U for each n ≥ 1
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and

d(U, x0) ≥ d+
(U, x0) ≥ d

⋃
k≥1

Ik, x0

 ≥
≥ lim sup

n→∞

λ
(⋃

k≥1 Ik ∩ [x0, x0 + hn]
)

hn
=

= lim sup
n→∞

λ
(⋃

k≥n Ik

)
hn

≥ lim sup
n→∞

λ(In)

hn
=

= lim sup
n→∞

Λ (R \ U, (x0, x0 + hn))

hn
= p+(R \ U, x0) = p(R \ U, x0).

�

The next theorem follows immediately from Lemma 2.1

Theorem 2.2. Let f : I → R. Then
1. P%(f) ⊂P%(f) for % ∈ [0, 1),
2. S%(f) ⊂ S%(f) for % ∈ [0, 1),
3. M%(f) ⊂M%(f) for % ∈ (0, 1],
4. N%(f) ⊂ N%(f) for % ∈ (0, 1].

We will show, in the next example, that all inclusions in Theorem 2.2 are
proper.

Example 2.2. We will construct f ∈M1 such that 0 6∈ S0(f), e.g. M1(f)\
S0(f) 6= ∅.

Let {xn}n≥1 be a decreasing sequence of positive numbers such that
lim
n→∞

xn = 0, xn − xn+1 ≥ xn+1 − xn+2 and lim
n→∞

xn−xn+1

xn+1
= 0 (for example,

xn = 1
n). Let yn, zn ∈ (xn+1, xn) be such that xn − zn = 1

n+5(xn − xn+1),
yn − xn+1 = 1

n+5(xn − xn+1). Thus xn+1 < yn < zn < xn for each n ≥ 1.
Notice that zn − yn = n+3

n+5(xn − xn+1) for each n ≥ 1.. Let f : R → R be
defined by

f(x) =

 0 if x ∈
⋃∞
n=1[yn, zn] ∪ {0},

1 if x ∈ (0,∞) \
⋃∞
n=1[yn, zn],

f(−x) if x ∈ (∞, 0).

Obviously, at each x 6= 0 the function f is continuous from the right or from
the left, and therefore R \ {0} ⊂ M1(f). Let U =

⋃∞
n=1(yn, zn). Then for
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each n ≥ 1 we have

λ(U ∩ [0, xn])

xn
=

∞∑
k=n

λ([yk, zk])

xn
≥

∞∑
k=n

k+5
k+7(xk − xk+1)

yn
≥

≥ n+5
n+7

∞∑
k=n

(xk − xk+1)

yn
=
n+ 5

n+ 7

xn
xn

=
n+ 5

n+ 7
.

Therefore

d(U, 0) = d+(U, 0) ≥ lim inf
n→∞

λ(U ∩ [0, yn])

yn
= lim inf

n→∞

λ(U ∩ [0, xn])

yn
≥

≥ lim inf
n→∞

n+ 5

n+ 7
= 1.

Hence d(U, 0) = 1 and f is approximately continuous at 0. Moreover, U is
open, so 0 ∈M1(f).

For each ε ∈ (0, 1), R \ {x : |f(x) − f(0)| < ε} ⊂ R \
∞⋃
n=1
{xn}. Let

h ∈ [xn+1, xn]. Since
Λ

(
R\
∞⋃

n=1
{xn},(0,h)

)
h ≤ xn−xn+1

xn+1
and lim

n→∞
xn−xn+1

xn+1
= 0,

we deduce

p(R \ {x : |f(x)− f(0)| < ε}, 0) = lim
h→0+

Λ

(
R \

∞⋃
n=1
{xn}, (0, h)

)
h

= 0.

Thus 0 6∈ S0(f).

Lemma 2.2. Let % ∈ [0, 1] and x ∈ R. Let {En : n ∈ N} be a descending

family of open sets such that x ∈
∞⋂
n=1

En, d(En, x) ≥ % for n ≥ 1. Then

there exists an open set E such that d(E, x) ≥ % and for every positive
integer n there exists δn > 0 such that E ∩ (x− δn, x+ δn) ⊂ En.

Proof. By assumptions, d(En, x) ≥ % for n ≥ 1. Therefore d+
(En, x) ≥ % or

d
−

(En, x) ≥ % for each n. Hence there exists an infinite family {Enk
: k ∈ N}

such that d+
(Enk

, x) ≥ % for all k ≥ 1 or d−(Enk
, x) ≥ % for all k ≥ 1.

Without loss of generality we may assume that the first possibility occurs.
Then d

+
(En, x) ≥ % for all n ≥ 1, because {En : n ∈ N} is a descending

family.
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We shall construct inductively a decreasing sequence {xn}n≥1 converging
to x such that

(1)
λ(En ∩ [xn+1, xn])

xn − x
> %
(

1− 1

2n

)
for n ≥ 1.

Let x1 > x be any point for which λ(E1∩[x,x1])
x1−x > %

(
1− 1

2

)
and x1 − x <

1. Next, we can find x2 ∈ (x, x1) such that λ(E1∩[x2,x1])
x1−x > %

(
1− 1

2

)
,

λ(E2∩[x,x2])
x2−x > %

(
1− 1

4

)
and x2 − x < 1

2 . There exists x < x3 < x2 for

which λ(E2∩[x3,x2])
x2−x > %

(
1− 1

4

)
, λ(E3∩[x,x3])

x3−x > %
(
1− 1

8

)
and x3 − x < 1

3 .
Assume that points x1, x2, . . . , xn with properties x < xn < . . . < x1,

λ(Ei−1∩[xi,xi−1])
xi−1−x > %

(
1− 1

2i−1

)
for i ∈ {2, . . . , n}, λ(Ei∩[x,xi])

xi−x > %
(
1− 1

2i

)
and xi−x < 1

i for i ∈ {1, 2, . . . , n} are chosen. Then there exists x < xn+1 <

xn such that λ(En∩[xn+1,xn])
xn−x > %

(
1− 1

2n

)
, λ(En+1∩[x,xn+1])

xn+1−x > %
(
1− 1

2n+1

)
and xn+1 − x < 1

n+1 .
Thus we have constructed inductively the sequence {xn}n≥1 satisfying con-
dition (1).

Let E =
∞⋃
n=1

(
En ∩ (xn+1, xn)

)
. Obviously, E is open. Since

lim sup
n→∞

λ(E ∩ [x, xn])

xn − x
≥ lim sup

n→∞

λ(En ∩ [xn+1, xn])

xn − x
≥

≥ lim
n→∞

%

(
1− 1

2n

)
= %,

we obtain d(E, x) ≥ %.
By the definition of the set E, for each n there exists δn = xn−x > 0 such

that E ∩ (x− δn, x+ δn) = E ∩ [x, xn) ⊂ En. The proof is completed. �

Theorem 2.3. Let f : I → R and % ∈ (0, 1]. Then M%(f) = N%(f).

Proof. From Proposition 2.1 it is clear that it is sufficient to show N%(f) ⊂
M%(f). Let x0 ∈ N%(f). Then for each positive integer n there is an open
set En such that d(En, x0) ≥ % and f(En) ⊂

(
f(x0)− 1

n , f(x0) + 1
n

)
. By

Lemma 2.2 for sets En, we can construct an open set E such that d(E, x0) ≥
% and for each n there exists δn > 0 for which E ∩ (x0 − δn, x0 + δn) ⊂ En.
The last condition implies that f |E ∪ {x0} is continuous at x0. Thus x0 ∈
M%(f). �

Theorem 2.4. Let % ∈ [0, 1), f : I → R, x0 ∈ I. Then x0 ∈P%(f) if and
only if

lim
ε→0+

d (int{x : |f(x)− f(x0)| < ε}, x0) > %.
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Proof. Assume that f is P%-continuous at x0. Let U ⊂ I be an open
set such that d(U, x0) > % and f |U ∪ {x0} is continuous at x0. Let ε >
0. Since f |U ∪ {x0} is continuous at x0, we can find δ > 0 such that
(x0 − δ, x0 + δ) ∩ U ⊂ {x : |f(x0)− f(x)| < ε}. Hence

d
(
{x ∈ I : |f(x0)− f(x)| < ε}, x0

)
≥

≥ d
(
int{x ∈ U : |f(x0)− f(x)| < ε}, x0

)
= d(U, x0)

for each ε > 0. Therefore

lim
ε→0+

d
(
int{x ∈ I : |f(x0)− f(x)| < ε}, x0

)
≥ d(U, x0) > %.

Finally, assume that

%1 = lim
ε→0+

d
(
int{x ∈ I : |f(x0)− f(x)| < ε}, x0

)
> %.

Using Lemma 2.2 for sets En = {x ∈ I : |f(x0) − f(x)| < 1
n} we can

construct an open set U such that d(U, x0) ≥ %1 > % and for each n there
exists δn > 0 for which U ∩ (x0 − δn, x0 + δn) ⊂ En. The last condition
implies that f |U∪{x0} is continuous at x0. It follows that f is P%-continuous
at x0, what was to be shown. �

Theorem 2.5. Let 0 < %1 < %2 < 1 and f : I → R. Then

M1(f) = N1(f) ⊂P%2(f) ⊂ S%2(f) ⊂M%2(f) =

= N%2(f) ⊂P%1(f) ⊂P0(f) ⊂ S0(f).

Proof. The proof follows immediately from Proposition 2.1 and Theorem 2.3.
�

Theorem 2.6. Let 0 < %1 < %2 < 1. Then

M1 = N1 ⊂P%2 ⊂ S%2 ⊂M%2 = N%2 ⊂P%1 ⊂P0 ⊂ S0

and all incusions are proper.

Proof. All inclusions follow from the previous theorem. We will only show
(in Examples 2.3-2.5) that they are proper. �

Example 2.3. Let 0 ≤ %1 < %2 ≤ 1. We will construct f : R → R such
that f ∈P%1 \M%2 .

We can find a sequence {[an, bn]}n≥1 of pairwise disjoint closed intervals
such that 0 < bn+1 < an < bn for each n and d+

(
⋃∞
n=1[an, bn], 0) = %1+%2

2 .
Denote In = [an, bn] for every n ≥ 1. Define a function f : R→ R letting
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f(x) =


0 if x ∈ {0} ∪

∞⋃
n=1

In,

1 if x ∈ (−∞, 0) ∪
∞⋃
n=1

(bn+1, an) ∪ (b1,∞).

The function f is continuous from the left or from the right at every point

except 0. Hence R \ {0} ⊂ P%1(f). If E =
∞⋃
n=1

(an, bn) then E is open

and the function f restricted to E ∪ {0} is constant, so in particular, it is
continuous at zero. Moreover,

d(E, 0) = d
+

( ∞⋃
n=1

(an, bn), 0

)
= d

+

( ∞⋃
n=1

In, 0

)
=
%1 + %2

2
> %1.

Hence 0 ∈P%1(f) and f ∈P%1 .
But

d
+

({x : f(x) < 1}, 0) = d
+

( ∞⋃
n=1

In, 0

)
=
%1 + %2

2
< %2.

Moreover d− ({x : f(x) < 1}, 0) = 0. Hence d ({x : f(x) < 1}, 0) < %2 and f
is not M%2-continuous at 0. Therefore 0 6∈M%2(f) and f 6∈M%2 .

Example 2.4. Let % ∈ (0, 1). We will construct f : R → R such that
f ∈M% \S%.

We can find a sequence {[an, bn]}n≥1 of pairwise disjoint closed intervals
such that 0 < bn+1 < an < bn for each n and d

+
(
⋃∞
n=1[an, bn], 0) = %.

Define a function f : R→ R letting

f(x) =


0 if x ∈ {0} ∪

∞⋃
n=1

[an, bn],

1 if x ∈ (−∞, 0) ∪
∞⋃
n=1

(bn+1, an) ∪ [b1,∞).

Observe that the function f is continuous from the left or from the right

at every point except 0. Hence R \ {0} ⊂ M%(f).Denote E =
∞⋃
n=1

(an, bn).

Then the function f |E ∪ {0} is constant, so in particular, it is continuous
at zero. Moreover,

d(E, 0) ≥ d+
(E, 0) = d

+

( ∞⋃
n=1

[an, bn], 0

)
= %.

Hence 0 ∈M%(f) and f ∈M%.
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Let ε ∈ (0, 1). Since

d ({x : |f(x)− f(0)| < ε}, 0) = d
+

( ∞⋃
n=1

[an, bn], 0

)
= %

we conclude that 0 6∈ S%(f) and f 6∈ S%.

Example 2.5. Let % ∈ [0, 1). We will construct f : R → R such that
f ∈ S% \P%.

We can find a sequence {[an, bn]}n≥1 of pairwise disjoint closed intervals
such that 0 < bn+1 < an < bn for each n and d

+
(
⋃∞
n=1[an, bn], 0) = %.

Define a function f : R→ R by

f(x) =


0 if x ∈ {0} ∪ (b1,∞) ∪

∞⋃
n=1

[an, bn),

1 if x ∈ (−∞, 0) ∪
∞⋃
n=2
{bn},

an−x
an−bn+1

if x ∈ (bn+1, an), n ≥ 1.

The function f is continuous from the right at every point except 0. Hence
R \ {0} ⊂ S%(f). Let Uε = {x : |f(x)− f(0)| < ε} \ {0} for each ε > 0.
Then Uε =

⋃∞
n=1(an − ε(an − bn+1), bn). Hence Uε is open. Moreover,

d (Uε, 0) = d
+

( ∞⋃
n=1

(an − ε(an − bn+1), bn), 0

)
=

= lim sup
n→∞

∑∞
k=n(bk − ak + ε(ak − bk+1))

bn
=

= lim sup
n→∞

∑∞
k=n

(
(1− ε)(bk − ak) + ε(bk − bk+1)

)
bn

=

= lim sup
n→∞

(
(1− ε)

∑∞
k=n(bk − ak)

bn
+ ε

bn
bn

)
=

= (1− ε)%+ ε > %.

Therefore 0 ∈ S%(f) and f ∈ S%.
On the other hand,

lim
ε→0+

d (int{x : |f(x)− f(0)| > ε}, 0) =

= lim
ε→0+

d
+

( ∞⋃
n=1

(an − ε(an − bn+1), bn), 0

)
= lim

ε→0+

(
(1− ε)%+ ε

)
= %.

Hence 0 /∈P%(f) and f /∈P%, by Theorem 2.4.
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HARMONIC IMPACT ON THE SURFACE OF
A HALF-PLANE IN THE FRAMEWORK OF
TIME-FRACTIONAL HEAT CONDUCTION

YURIY POVSTENKO

Abstract

The time-fractional heat conduction equation with the Caputo derivative is considered
in a half-plane. The boundary value of temperature varies harmonically in time. The
integral transform technique is used; the solution is obtained in terms of integral with in-
tegrand being the Mittag-Leffler functions. The particular case of solution corresponding
to the classical heat conduction equation is discussed in details.

1. Introduction

Fractional calculus (the theory of integrals and derivatives of non-integer
order) still attracts attention of many researchers due to various applica-
tions in physics, chemistry, rheology, engineering, geophysics, geology, bi-
ology, medicine etc. (see [5], [6], [9]–[12], [17]–[19], [21]–[23] and references
therein).

In the present paper, we consider the time-fractional heat conduction
equation with the Caputo derivative in a half-plane with the boundary
value of temperature being the harmonic function in time. The significant
difference between the standard heat conduction equation and the time-
fractional heat conduction equation with the Caputo derivative of order α
is discussed. The obtained solution develops the results of the previous
study [14], [15]. The interested reader is also referred to the book [13],
which systematically presents solutions to different initial and boundary
value problems for the time-fractional diffusion equation.

2. Statement of the problem

The time-fractional heat conduction equation

(1)
∂αT

∂tα
= a

(
∂2T

∂x2
+
∂2T

∂y2

)
, 0 < α ≤ 2 ,

85
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is considered in a half-plane 0 < x < ∞, −∞ < y < ∞. In equation (1),
T denotes temperature, a is the thermal diffusivity coefficient, ∂αT

∂tα is the
Caputo fractional derivative of order α [2], [4], [10]

(2)
dαf(t)

dtα
=

1

Γ(n− α)

t∫
0

(t− τ)n−α−1
dnf(τ)

dτn
dτ, n− 1 < α < n ,

where Γ(α) is the gamma function.
As equation (1) is considered in a bounded domain, the corresponding

boundary condition should be imposed. For example, the Dirichlet bound-
ary condition has the following form:

(3) x = 0 : T = g(y, t).

The initial conditions read

(4) t = 0 : T = ϕ(x, y), 0 < α ≤ 2,

(5) t = 0 :
∂T

∂t
= ψ(x, y), 1 < α ≤ 2.

Here g(y, t), ϕ(x, y), and ψ(x, y) are the given functions.
Before analysis of the initial-boundary-value problem (1), (3)–(5) we will

discuss the significant difference between the time-fractional heat conduc-
tion equation (1) and the standard heat conduction equation corresponding
to the value α = 1:

(6)
∂T

∂t
= a

(
∂2T

∂x2
+
∂2T

∂y2

)
.

3. Quasi-steady-state oscillations

In the paper [7] and later on in the book [8], Nowacki considered the
parabolic heat conduction equation in different unbounded domains with
a source term varying harmonically in time. Similarly, we can study Eq. (6)
with the Dirichlet boundary condition

(7) x = 0 : T = u0 δ(y) eiωt ,

where δ(y) is the Dirac delta function.
According to Nowacki’s approach, we investigate Eq. (6) under boundary

condition (7) without taking the initial conditions into account. Instead,
according to this approach, it is assumed that temperature T (x, y, t) can be
presented as

(8) T (x, y, t) = U(x, y) eiωt.
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For the auxiliary function U(x, y) we obtain

(9) iωU = a

(
∂2U

∂x2
+
∂2U

∂y2

)
,

(10) x = 0 : U = u0 δ(y) .

To solve equation (9) under boundary condition (10) the integral trans-
form technique will be used. Recall that the exponential Fourier transform
[13], [20]

(11) F{f(y)} = f̃(η) =
1√
2π

∞∫
−∞

f(y) eiyη dy

is used in the domain −∞ < y <∞ and has the inverse

(12) F −1{f̃(η)} = f(y) =
1√
2π

∞∫
−∞

f̃(η) e−iyη dη.

The Fourier transform of the second derivative of a function has the follow-
ing form

(13) F
{
d2f(y)

dy2

}
= −η2f̃(η).

Similarly, for the sin-Fourier transform we have [13], [20]:

(14) F{f(x)} = f̂(ξ) =

∞∫
0

f(x) sin(xξ) dx ,

(15) F −1{f̂(ξ)} = f(x) =
2

π

∞∫
0

f̂(ξ) sin(xξ) dξ.

The sin-Fourier transform is used in the domain 0 ≤ x <∞ for the Dirichlet
boundary condition with the prescribed boundary value of a function, since
for the second derivative of a function we get

(16) F
{
d2f(x)

dx2

}
= −ξ2f̂(ξ) + ξ f(x)

∣∣∣∣
x=0

.

Applying to equation (9) with the boundary condition (10) the integral
transforms, we arrive at

(17) ̂̃
U(ξ, η) =

u0a√
2π

ξ

a (ξ2 + η2) + iω
.
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To invert the integral transforms the following integrals [16] will be used:

(18)
∞∫
0

x

x2 + c2
sin(bx) dx =

π

2
e−bc , b > 0, <e c > 0 ,

(19)

∞∫
0

exp
(
−p
√
x2 + c2

)
cos(bx) dx =

pc√
p2 + b2

K1

(
c
√
p2 + b2

)
,

b > 0 , <e p > 0 , <e c > 0 ,

where K1(z) is the modified Bessel function.
The solution reads

(20) U(x, y) =
u0x

π
√
x2 + y2

√
iω

a
K1

(√
iω

a

√
x2 + y2

)
and finally

(21) T (x, y, t) =
u0x

π
√
x2 + y2

√
iω

a
K1

(√
iω

a

√
x2 + y2

)
eiωt.

4. The time-fractional heat conduction equation

It should be emphasized that Nowacki’s approach is based on the well-
known formula for integer order derivatives of exponential function

(22)
dneλt

dtn
= λn eλt.

For Caputo derivative of fractional (non-integer) order of exponential func-
tion we have [14], [15]

(23)
dαeλt

dtα
= λα eλt

γ(n− α, λt)
Γ(n− α)

, n− 1 < α < n,

where γ(a, x) is the incomplete gamma function [1]

γ(a, x) =

∫ x

0
e−t ta−1 dt .

Hence, for fractional values of the order of derivative α formula (22) does
not fulfill:

(24)
dαeλt

dtα
6= λα eλt.

Therefore, assumption (8) cannot be used for the time-fractional heat con-
duction equation and the initial conditions should be taken into account.
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In what follows, Eq. (1) will be considered under the boundary condition
(7) and zero initial conditions

(25) t = 0 : T = 0, 0 < α ≤ 2,

(26) t = 0 :
∂T

∂t
= 0, 1 < α ≤ 2.

To solve this initial-boundary-value problem the integral transforms tech-
nique will be used. Recall that the Caputo fractional derivative for its
Laplace transform rule requires the knowledge of the initial values of the
function and its integer derivatives of order k = 1, 2, . . . , n− 1 [2], [4], [10]:

(27) L
{
dαf(t)

dtα

}
= sαf∗(s)−

n−1∑
k=0

f (k)(0+)sα−1−k, n− 1 < α < n,

where the asterisk denotes the transform, s is the Laplace transform vari-
able.

The sin-Fourier transform with respect to the spatial coordinate x, the
exponential Fourier transform with respect to the spatial coordinate y, and
the Laplace transform with respect to time t give:

(28) ̂̃
T ∗(ξ, η, s) =

u0a√
2π

ξ

sα + a (ξ2 + η2)

1

s− iω
.

First of all, we will analyze the classical heat conduction equation (α = 1).
In this case

(29)

̂̃
T ∗(ξ, η, s) =

u0a√
2π

ξ

s+ a (ξ2 + η2)

1

s− iω

=
u0a√

2π

ξ

a (ξ2 + η2) + iω

1

s− iω

− u0a√
2π

ξ

a (ξ2 + η2) + iω

1

s+ a (ξ2 + η2)

and

(30)

T (x, y, t) =
u0x

π
√
x2 + y2

√
iω

a
K1

(√
iω

a

√
x2 + y2

)
eiωt

− u0a
π2

∞∫
−∞

∞∫
0

e−a(ξ
2+η2)t ξ

a (ξ2 + η2) + iω
sin(xξ) cos(yη) dξ dη .

The first term in (30) coincides with the solution (21) and represents the
steady state oscillations, whereas the second term tends to zero for large
values of time and describes the transient process.
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Now we return to solving the time-fractional heat conduction equation.
To invert the Laplace transform in Eq. (28), the following formula (see [2],
[3], [4], [10])

(31) L−1
{
sα−β

sα + b

}
= tβ−1Eα,β(−btα)

is used. Here Eα,β(z) is the Mittag-Leffler function in two parameters α
and β

(32) Eα,β(z) =
∞∑
k=0

zk

Γ(αk + β)
, α > 0 , β > 0 , z ∈ C .

Inversion of all the integral transforms with taking the convolution the-
orem into account result in the sought-for solution

(33)
T (x, y, t) =

au0
π2

t∫
0

∞∫
−∞

∞∫
0

τα−1Eα,α
[
−a
(
ξ2 + η2

)
τα
]

× eiω(t−τ) cos(yη) sin(xξ) ξ dξ dη dτ .

Now we pass to polar coordinates in the (ξ, η)−plane:

(34) ξ = ρ cos θ, η = ρ sin θ .

In this case equation (33) can be rewritten as

(35)

T (x, y, t) =
2au0
π2

t∫
0

∞∫
0

ρ2 τα−1eiω(t−τ)Eα,α
(
−aρ2τα

)

×
π/2∫
0

cos(yρ sin θ) sin(xρ cos θ) cos θ dθ dρ dτ .

Substitution of v = sin θ with taking into account that [16]

(36)
1∫

0

sin
(
p
√

1− x2
)

cos (qx) dx =
π

2

p√
p2 + q2

J1

(√
p2 + q2

)
,

where J1(z) is the Bessel function of the first kind, gives

(37)
T (x, y, t) =

au0
π

cosϕ

t∫
0

∞∫
0

ρ2Eα,α
(
−aρ2τα

)
× J1(rρ) τα−1eiω(t−τ) dρ dτ .
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The obtained solution can be useful not only in the case of harmonic
surface impact but also for a function g(y, t) periodic in time. Expanding
the boundary function in the Fourier series, the solution can be obtained as
the result of superposition of successive harmonic terms.
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X-MAXIMAL CONGRUENCES AND RELEVANT SETS
FOR ALGEBRAS

BOGDAN STARUCH AND BOŻENA STARUCH

Abstract

We introduce and investigate X-maximal congruences and relevant sets for a given
algebra. We describe interrelations among these concepts and atomicity of the congruence
lattice and the number of atoms. We also investigate subdirect decomposition of algebras
into subdirectly irreducible factors.

Keywords: congruence lattice, atomic lattice, atom, relevant set, subdirect product,
maximal congruence. AMS subject classification: Primary: 08A30; Secondary: 08B26.

1. Introduction

In this paper we introduce and investigate the notion of an X-maximal
congruence for a given algebraA, that is, a maximal congruence onA which
does not include any pair of elements from the subset X ⊆ A. Basing on
this concept we introduce the new notion of a relevant set for A, i.e. a
subset X ⊆ A such that every nontrivial congruence on A contains a pair
of elements from X. It means that the identity relation is X-maximal for
A. Proposition 6 expresses the relationship among these concepts.

We also consider minimality (under inclusion as well as under cardinality)
of relevant sets for a given algebra and we investigate some properties of
congruence lattices, mainly atomicity and existence of atoms. For example,
we prove that the existence of a finite minimal relevant set for A implies
the finiteness of its congruence lattice and we obtain the estimation of the
number of atoms as well.

The studies within the field of congruence lattice properties are still im-
portant and worth of effort (see [5], [3]), however our motivation has its
source in our previous work on partial algebras (see [6], [7], [8]). We were
interested in finding properties of injections of a given partial algebra B into
algebras (in the sense of universal algebra) which were called extensions. As
there is a large number of extensions of a given partial algebra B we had
to look for some final objects with a rather simple structure. To get such
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objects we take quotients of the free extension of B by maximal congru-
ences which do not contain any pair of elements from B. It means that we
take B-maximal congruences for the free extensions of B. The subdirect
decomposition into a minimal number of subdirectly irreducible factors of
such final extensions plays a crucial role in this researching.

In this paper, we consider subdirect decomposition, too. Birkhoff’s The-
orem (Theorem 1) states that every algebra is isomorphic to a subdirect
product of subdirectly irreducible algebras. We show in Theorem 4 that,
under the assumption that the congruence lattice is atomic, it is possible
to reduce the number of subdirectly irreducible factors to the number of
atoms. Finally, Theorem 5 states that if there exists a finite relevant set
with minimal cardinality n, then it is possible to reduce the number of
subdirectly irreducible factors to at most n− 1.

1.1. Preliminaries. An algebra A of type F is an ordered pair (A,F ),
where A is a nonempty set and F is a finite family of finitary operations on
A. An algebra A is trivial if |A| = 1.

A binary relation θ on A is called a congruence on an algebra A of type
F if it is an equivalence relation on A satisfying the compatibility property,
i.e. for each n-ary function f ∈ F and elements ai, bi ∈ A if (ai, bi) ∈ θ
holds for i = 1, . . . , n, then (f (a1, . . . , an) , f (b1, . . . , bn)) ∈ θ. The set of
all congruences on an algebra A is denoted by ConA. It is known that
(ConA,⊆) is a complete algebraic lattice which is called the congruence
lattice of A, and is denoted by ConA.

For an algebra A and a1, . . . , an ∈ A let θ (a1, . . . , an) denote the congru-
ence generated by {(ai, aj) : 1 ≤ i, j ≤ n} , i.e. the smallest congruence such
that a1, . . . , an are in the same equivalence class. A congruence θ (a1, a2)
is called a principal congruence. For arbitrary X ⊆ A, let θ (X) be the
congruence generated by X ×X.

Compact elements in ConA are just finitely generated congruences, and
at the same time, joins of a finite number of principal congruences. The
least element, denoted by ∆A, is the identity relation on A and the greatest
element, denoted by ∇A, is the full relation A×A.

A congruence is an atom in the congruence lattice of A if it covers ∆A. A
nontrivial algebraic lattice is atomic if every element but the least contains
an atom. Minimal elements in ConA\∆A are atoms in ConA. Every atom
is a principal congruence.

A congruence is called maximal if it is a maximal element in ConA\∇A.
Some properties of the congruence lattice ofA are correlated to properties

of A.
An algebra A is
(1) trivial iff ∆A = ∇A,
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(2) simple iff ∆A 6= ∇A and ConA = {∆A,∇A},
(3) subdirectly irreducible iff ConA is atomic and there is exactly one

atom called monolith.
We will use the fact that if θ =

⋂
{θi : i ∈ I}, then A/θ is a subdirect

product of the algebras A/θi, i ∈ I. Hence if ∆A =
⋂
{θi : i ∈ I}, then

A is a subdirect product of algebras A/θi, i ∈ I. Some proofs will need
The Correspondence Theorem. Before looking at this theorem let us recall
that for any θ ∈ ConA the closed interval [θ,∇A] = {φ ∈ ConA : θ ⊆ φ}
is a sublattice of ConA. The Correspondence Theorem states that the
mapping h defined on [θ,∇A], where θ ∈ ConA for some algebra A, by
h (φ) = φ/θ is a lattice isomorphism from [θ,∇A] to ConA/θ. We will also
use the proof of Birkhoff’s Theorem (see [1]) using original notation, so we
quote the proof from [2] in details.

Theorem 1. Every algebra A is isomorphic to a subdirect product of sub-
directly irreducible algebras (which are homomorphic images of A).

Proof. As trivial algebras are subdirectly irreducible we only need to con-
sider the case of nontrivial A. For a, b ∈ A with a 6= b, we can find a congru-
ence θa,b on A which is maximal with respect to the property (a, b) 6∈ θa,b.
Then clearly θ (a, b) ∨ θa,b is the smallest congruence in [θa,b,∇A] \ {θa,b},
so A/θa,b is subdirectly irreducible. As

⋂
{θa,b : a 6= b} = ∆A we can show

that A is subdirectly embeddable in the product of the indexed family of
subdirectly irreducible algebras A/θa,b, a 6= b. �

For more facts concerning universal algebra or lattice theory see [2], [4].

2. X-maximal congruences

Definition 1. Let A be a nontrivial algebra and let X ⊆ A be a nonempty
subset. We say that a congruence θ separates X iff θ ∩ X2 = ∆X . And a
congruence θ ∈ ConA \ ∇A is called X-maximal for A iff θ is a maximal
congruence that separates X.

Notice that if A is trivial, then |ConA| = 1 and thus there exists no set
X such that any congruence is X-maximal.

Notice also that by Zorn’s lemma, for any chain Γ of congruences sep-
arating X, the sum

⋃
Γ is an upper bound for Γ and separates X. It is

worth also noting that for every congruence θ ∈ ConA \ ∇A there exists a
nonvoid set that is separated by θ. Thus an X-maximal congruence is well
defined.

Example 1. Let A be a nontrivial algebra. Then
(1) ∆A is A-maximal for A,
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(2) if A is simple, then for any nonempty X ⊆ A, ∆A is X-maximal
for A.

Proposition 1. If θ is X-maximal for A and |X| = 1, then θ is a maximal
element in ConA \ ∇A. Hence A/θ is simple.

Proposition 2. If a congruence θ is {a, b}-maximal for a nontrivial A,
and a 6= b, a, b ∈ A, then A/θ is subdirectly irreducible.

Proof. The proof is based on the observation that θ is a maximal congruence
separating {a, b}, so θ = θa,b, where θa,b is as in the proof of Theorem 1. �

The next proposition follows directly from maximality:

Proposition 3. Let A be a nontrivial algebra and let X ⊆ A, |X| ≥ 2 and
θ ∈ ConA \ ∇A. Then the following conditions are equivalent:

(1) θ is X-maximal for A,
(2) θ separates X and for any ϕ ∈ ConA if ϕ ⊃ θ, then ϕ does not

separate X. It means that there exist x 6= y, x, y ∈ X such that
(x, y) ∈ ϕ.

Proposition 4. Let A be a nontrivial algebra and let X,Y ⊆ A be nonempty
sets. Then

(1) if θ is X-maximal for A, X ⊆ Y and θ separates Y , then θ is
Y -maximal for A,

(2) if ∆A is X-maximal for A, then ∆A is Y -maximal for A for every
Y ⊇ X,

(3) if θ is X-maximal for A and Y ⊇ X, then every congruence ϕ ⊃ θ
does not separate Y .

3. Relevant sets and atoms in congruence lattices

Definition 2. Let A be a nontrivial algebra and let X ⊆ A be a nonempty
subset. We say that A is X-maximal iff ∆A is X-maximal for A. The set X
such that A is X-maximal is called a relevant set for A. If X is a relevant
set for A, then we define the set PCon (X) = {θ (x, y) : x 6= y, x, y ∈ X}
consisting of appropriate principal congruences.

The following simple fact follows directly from the definition.

Proposition 5. If X is a relevant set for A and |X| ≥ 2, then for every
θ ∈ ConA \∆A there is θ (x, y) ∈ PCon (X) such that θ (x, y) ⊆ θ.

Proof. As ∆A ⊂ θ isX-maximal forA and Proposition 3 holds, we conclude
that there exist x 6= y, x, y ∈ X such that (x, y) ∈ θ. Hence θ (x, y) ⊆ θ. �

The next fact follows from The Correspondence Theorem.
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Proposition 6. Let A be a nontrivial algebra and let X ⊆ A be a nonempty
subset and θ ∈ ConA \ ∇A. Then θ is X-maximal for A iff A/θ is Xθ-
maximal, where Xθ = {[x]θ : x ∈ X}.

Notice that Example 1 shows that the carrier set A for any algebra A is
relevant for A, and also, that every nonempty subset of A is relevant for a
simple algebra A. Moreover, Proposition 4(2) states that any superset of a
relevant set for a given algebra is also relevant. Hence it is worthwhile to
consider minimal (under inclusion) sets relevant for A. It turns out that
it is possible to obtain minimal relevant sets of different finite cardinalities.
On the other side, it is not possible to have a finite minimal relevant set
and an infinite minimal relevant set in the same algebra, what follows from
Corollary 1 and Theorem 2.

Example 2. Let n = {0, . . . , n− 1} and let Cn = (n, s) be a unary algebra
with s : n→ n defined as s (k) = (k + 1) modn. Then
ConCn = {θ (0, d) : d dividesn} and (a, b) ∈ θ (0, d) iff (a = b) modd.
If n = pα1

1 · . . . · pαm
m is the prime factorization with p1 < . . . < pm,

then ConCn has exactly m atoms: θ (0, n/p1) , . . . , θ (0, n/pm). The set
{0, n/p1, . . . , n/pm} is a minimal relevant set for Cn. Moreover, every min-
imal relevant set for Cn has at least m+ 1 and at most 2m elements.

Example 3. (1) The sets {0, 3, 5}, {1, 2, 4, 12} and {1, 3, 7, 8} are min-
imal relevant sets for C15.

(2) Let A = Z2 × Z2, where Z2 is the two-element group. Here every
relevant set has at least three elements and {(0, 0) , (0, 1) , (1, 1)},
{(0, 0) , (1, 0) , (1, 1)} are minimal relevant sets for A, and ConA
has three atoms.

(3) If A is subdirectly irreducible, then ConA has exactly one atom
θ (a, b). Then the set {a, b} is a minimal relevant set for A.

The above examples show that there is a relationship (which is not
straightforward) between the cardinality of minimal relevant sets for A and
the number of atoms in ConA.

Proposition 7. If a set X is relevant for A and ϕ ∈ ConA is an atom in
ConA, then there are x 6= y, x, y ∈ X such that ϕ = θ (x, y). Moreover,
θ (x, y) is a minimal element in PCon (X).

Proof. Let ϕ ∈ ConA be an atom in ConA. Thus ϕ 6= ∆A and by
Proposition 5 there are x 6= y, x, y ∈ X such that (x, y) ∈ ϕ. Hence
θ (x, y) ∈ PCon (X) and θ (x, y) ⊆ ϕ and hence ϕ = θ (x, y) by assump-
tion that ϕ is an atom in ConA. Obviously, ϕ as an atom is minimal in
PCon (X). �
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Proposition 8. Let A be a nontrivial algebra and let X ⊆ A be a relevant
set for A and let θ (x, y) be a minimal element in PCon (X). Then θ (x, y)
is an atom in ConA.

Proof. Let ∆A ⊂ ϕ ⊆ θ (x, y). Then θ (a, b) ⊆ ϕ for some a 6= b, a, b ∈ X.
Hence by minimality of θ (x, y) we get that θ (a, b) = ϕ = θ (x, y) and hence
θ (x, y) is an atom in ConA. �

Example 4. (1) Let A = C15 (Example 2). Then θ (0, 3) and θ (0, 5)
are all the atoms in ConA. For the relevant set X = {0, 3, 5} we
see that PCon (X) = {θ (0, 3) , θ (0, 5) , θ (3, 5)}.
Then θ (3, 5) = ∇A and θ (0, 3) , θ (0, 5) are minimal in PCon (X).
For the relevant set X = {1, 3, 7, 8} we see that
PCon (X) = {θ (1, 3) , θ (1, 7) , θ (1, 8) , θ (3, 7) , θ (3, 8) , θ (7, 8)}.
Then θ (1, 3) = θ (7, 8) = θ (1, 8) = θ (3, 7) = ∇A and
θ (3, 8) = θ (0, 5), θ (1, 7) = θ (0, 3) are minimal in PCon (X).

(2) Let A = Z2 × Z2. Then
θ ((0, 0) , (0, 1)), θ ((0, 0) , (1, 0)), θ ((0, 0) , (1, 1)) are all the atoms in
ConA. For the relevant set {(0, 0) , (0, 1) , (1, 1)} (Example 3 (2))
we see that
PCon (X) = {θ ((0, 0) , (0, 1)) , θ ((0, 0) , (1, 1)) , θ ((0, 1) , (1, 1))}
and each of its elements is an atom.
Notice that θ ((0, 0) , (1, 0)) = θ ((0, 1) , (1, 1)).

(3) Let A = C30. Then θ (0, 6) , θ (0, 10) , θ (0, 15) are all the atoms
in ConA. For the relevant set {0, 6, 10, 15} we find PCon (X) =
{θ (0, 6) , θ (0, 10) , θ (0, 15) , θ (6, 10) , θ (6, 15) , θ (10, 15)}. Here, the
first three elements are atoms, and the last three are not atoms.

Proposition 9. If X is a relevant set for an algebra A and every con-
gruence θ ∈ PCon (X) contains a minimal element from PCon (X), then
ConA is atomic with the set of atoms consisting of all the minimal elements
from PCon (X).

Proof. By Proposition 5 every nontrivial congruence θ contains a congruence
from PCon (X) and by assumption it contains a minimal element from
PCon (X). Finally, by Proposition 8 it contains an atom. �

Corollary 1. If an algebra A has a finite relevant set, then ConA is an
atomic lattice with a finite number of atoms.

Propositions 7, 8 and the last corollary yield that if X is a finite relevant
set for an algebra A, then the number of atoms in ConA is not greater
than the number of two-element subsets of X, i.e.

(|X|
2

)
. We describe the

lower bound on the number of atoms in Theorem 2.
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Proposition 10. If ConA is atomic with At = {θ (ai, bi) : i ∈ I}, then⋃
{ai, bi} is a relevant set for A.

Proof. If ConA is atomic, then every nontrivial congruence contains an
atom. Thus it contains a pair of generators (ai, bi) of this atom. �

Corollary 2. If ConA is atomic, then there is a relevant set for A of
cardinality at most 2 |At|.

The above facts lead to the following conclusion:

Corollary 3. Let A be a nontrivial algebra. Then ConA is atomic with a
finite set of atoms iff there exists a finite relevant set for A.

In the next examples we show algebras with no finite relevant sets, and
we also answer the natural question if atomicity of the congruence lattice
is equivalent to minimality of a relevant set. The answer is ‘no’.

Example 5. Let C = (Z, s) be the set of integers with a unary successor
operation. Then ConC has no atoms since every principal congruence is of
the form θ (m,n) ,m < n, and then θ (n, n+ (n−m)) ⊂ θ (m,n), so every
principal congruence properly includes other principal congruence. From
this we conclude that there is no finite relevant set for C. However, notice
that there are different infinite relevant sets, for example, all the integers Z
and all the even integers 2Z.

Example 6. Let N = (N, s) be the set of natural numbers with a unary
successor operation. Then, as in the above example, ConN has no atom
and there is no finite relevant set for N.

The algebra C in the previous example has an atomless congruence lat-
tice. In the next example we have an algebra for which the congruence
lattice has exactly one atom.

Example 7. Let A = C∪̇C2 be the disjoint sum of algebras as defined
above. Then ConA is not atomic, but has one atom θ (02, 12), where 02, 12
are elements from C2. There is no finite relevant set for A but every rele-
vant set contains elements 02, 12.

The following example shows that there exists a minimal relevant set
but the congruence lattice is not atomic. Hence the existence of minimal
relevant set does not yield atomicity of congruence lattice. Examples 9, 10
show algebras with atomic congruence lattice and minimal relevant sets.

Example 8. Let A = (N ∪̇N ′, s) be the disjoint sum of two copies of natu-
rals with a unary operation s such that s is the ordinary successor operation
on the first copy N , i.e. s (n) = n + 1, and for the second copy N ′,
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s (n′) = n + 1, where n ∈ N and n′ ∈ N ′. Then ConA is not atomic, but
has infinitely many atoms θ (n, n′). The minimal relevant set for A is equal
to N ∪̇N ′ and obviously |N ∪̇N ′| = |At|.

Example 9. Let A = {
(⋃̇
{−n}

)
∪̇{0} : n ∈ N \ {0}} be the disjoint sum

of sets −n = {−nn, (−n+ 1)n , . . . ,−1n} and zero, and let A = (A; s).
The unary operation s is defined as s (0) = 0, s (ai) = (a+ 1)i if ai < −1i
and s (ai) = 0 in opposite case. Then principal congruences are of the
form of θ (an, bm), atoms are of the form of θ (−1n, 0) for n ∈ N \ {0} and
θ (−1n,−1m) for n 6= m, n,m ∈ N \ {0}. The minimal relevant set for A
is equal to {0} ∪ {−1n : n ∈ N \ {0}}.

In the next example we have an uncountable algebra with a countable
set of atoms and a countable minimal relevant set. Moreover, we construct
a descending chain of relevant sets such that the meet is not relevant.

Example 10. Let A =
∏

Z2 be a countable power of the two element group.
The elements of A are binary countable sequences and for any a ∈ A we see
that a+a = 0 where 0 = (0, 0, . . . , 0). Every principal congruence is an atom
since every congruence class is two-element. Hence there are uncountably
many atoms. Moreover, for any a, b ∈ A we see that θ (a, b) = θ (0, a+ b)
and θ (0, a) = θ (b, a+ b).

We show now that there exists a set X which is a minimal relevant set
for A. It consists of 0 and all the sequences with 1 on the first coordinate.
The cardinality of X is equal to the cardinality of the set of atoms according
to Theorem 2. Let us prove that X is a minimal relevant set. We show
that X is relevant and for any a ∈ A the set Xa = X \ {a} is not relevant.
To prove the first assertion let us take any principal congruence θ (0, a). If
a1 = 1 then, obviously, 0, a ∈ X. If a1 = 0, then take a′ = (1, a2, a3, . . .)
and notice that θ (0, a) = θ (a′, a+ a′) and a′, a+a′ ∈ X. So, X is relevant.

Let now a ∈ X and take Xa. If a = 0, then θ (0, 1) cannot be generated
by any pair of elements from X0. For any b ∈ X0 it holds that 0 + b ∈ X0

and 1 + b 6∈ X0. Analogously, if a 6= 0, then θ (0, a) cannot be generated by
any pair of elements from Xa.

Notice also that there exists an infinite descending chain of relevant sets,
the intersection of which is not relevant. To construct it let C consist of
all the sequences with a finite number of 1′s and let Xn = C ∪ Bn, where
Bn = {b : bi = 0 for i < n, bn = 1}. It is easy to check that every Xn is
relevant and X1 ⊃ X2 ⊃ X3 ⊃ . . ., |Xn| > |N | , |

⋂
Xn| = |C| = |N |.

Notice that examples in Example 3 show that relevant sets for a given
algebra can be of different cardinality. It follows from the fact that to
obtain a relevant set we can choose any pair of generators of every atom.
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Proposition 10 shows the relationship between atomicity of the congruence
lattice and existence of a relevant set of cardinality limited by the cardinality
of the set of atoms. The next theorem shows that the existence of a minimal
relevant set forces the existence of atoms with limited cardinality. It would
be desirable to show that the existence of a minimal relevant set forces
atomicity of the congruence lattice but we have not been able to do this.

Theorem 2. Let A be a nontrivial algebra and let At denote the set of
atoms in its congruence lattice. If there exists a minimal relevant set X for
A then

(1) if X is finite, then ConA is atomic with a finite number of atoms
and |At| ≥ |X|2 ,

(2) if X is infinite, then |At| = |X|.

Proof. The finite case follows from Corollaries 1, 2, 3. We give here a
common proof for both finite and infinite cases. LetX be a minimal relevant
set for A and a ∈ X. Then Xa = X \ {a} is not relevant, so there is a
congruence ϕ 6= ∇A separating Xa and not separating X. Hence there is
b ∈ Xa such that θ (a, b) ⊆ ϕ. Moreover, θ (a, b) is minimal in PCon (A), for
if c 6= d, c, d ∈ Xa, then if θ (c, d) ⊂ θ (a, b) ⊆ ϕ, then ϕ does not separate
Xa.

Finally, for every a ∈ X there exists an atom θ (a, b) , b ∈ Xa, so we have
at least |X|2 atoms if |X| is finite and even, and |X|+1

2 atoms if |X| is finite
and odd. When X is infinite we have |X| atoms. �

Corollary 4. If ConA is not atomic and the set of atoms is finite, then a
minimal relevant set for A does not exist.

Proof. If a minimal relevant set exists and is finite, then ConA is atomic,
and if this set is infinite, then ConA has infinitely many atoms. �

4. η-maximal algebras

In this section we consider minimality of relevant sets under cardinality.

Definition 3. Let A be a nontrivial algebra. A congruence θ ∈ ConA\∇A

is η-maximal for A iff η = min{|X| : X ⊆ A,X 6= ∅, θ isX−maximal forA}.
We say that A is η-maximal if ∆A is η-maximal for A.

Proposition 11. A nontrivial algebra A is 1-maximal iff A is simple.

Proof. If A is 1-maximal, then ∆A is {a}-maximal for some a ∈ A, so
by Proposition 1 we get that A/∆A

∼= A is simple. If A is simple with
|A| ≥ 2, then ∆A is X-maximal for every nonempty X ⊆ A, in particular
for |X|=1. �
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Proposition 12. A nontrivial algebra A is 2-maximal iff it is subdirectly
irreducible but not simple.

Proof. If A is 2-maximal, then there exists a two-element relevant set {a, b}.
By Proposition 2 A is subdirectly irreducible and it is not simple for it is
not 1-maximal.

Assume that A is not simple and η-maximal. Then |η| ≥ 2. More-
over, there exists a two-element relevant set for A because A is subdirectly
irreducible. Hence η = 2. �

The next theorem is analogous to Proposition 6.

Theorem 3. A congruence θ is η-maximal for A iff A/θ is η-maximal.

Proof. A/θ is simple for η = 1 by Proposition 1 so it is 1-maximal by
Proposition 11. A/θ is subdirectly irreducible for η = 2 so, by Proposition
12, A/θ is 2-maximal.

Assume now that θ is η-maximal, η > 2 and A/θ is ξ-maximal. Then
there exists a relevant set X of cardinality η. By Proposition 6 A/θ is
X/θ-maximal, but θ separates X, so |X/θ| = |X| = η. Hence ξ ≤ η.

On the other side, if A/θ is ξ-maximal, then there is a set Y/θ relevant
for A/θ and |Y/θ| = ξ. Thus |Y/θ| = |Y ′| = ξ, where Y ′ is the set of
selected elements (one from each congruence class): y′ ∈ [y]θ , y ∈ Y . Thus
η ≤ ξ and, in consequence, η = ξ. �

Example 11. Based on the previous examples notice that Cn is m + 1-
maximal, where m is a number of prime factors of n. Z2×Z2 is 3-maximal.
Algebras from Examples 5, 7, 8, 9 are |N |-maximal, wherein the last one is
uncountable.

Let us consider now finite maximality, to emphasize this finiteness we use
symbol n instead of η. The following fact is a consequence of Proposition
10 and Theorem 2.

Proposition 13. Let A be a nontrivial n-maximal algebra. Then ConA is
atomic with a finite set of atoms and the following inequalities hold:[

n−1
2

]
+ 1 ≤ k ≤

(
n
2

)
, where k = |At|.

Proof. Let X be a relevant set for A and |X| = n. Then X is a minimal
relevant set, so by Proposition 2 we get the lower bound. The upper bound
follows from Proposition 8, since At ⊆ PCon (X). �

The next examples show that we cannot get better bounds.

Example 12. (1) If A is a disjoint sum of n trivial mono-unary alge-
bras, then A is n-maximal and every pair of two different elements
from A generates a new atom. Hence k =

(
n
2

)
.



X-MAXIMAL CONGRUENCES AND RELEVANT SETS... 103

(2) Z2 × Z2 is 3-maximal and has 3 atoms. Hence
(
n
2

)
=
(
3
2

)
= 3 = k.

(3) C15 is 3-maximal and has 2 atoms, so n = 3, k = 2. Hence
[
n−1
2

]
+

1 =
[
3−1
2

]
+ 1 = 2 = k.

(4) Any non-simple subdirectly irreducible algebra is 2-maximal and has
one atom. Hence

[
2−1
2

]
+ 1 = 1.

(5) C30 is 4-maximal and has 3 atoms, so n = 4, k = 3. Hence
[
n−1
2

]
+

1 =
[
4−1
2

]
+ 1 = 2 < k and

(
n
2

)
=
(
4
2

)
= 6 > k.

Corollary 5. Under assumptions from the last proposition we get that
d1+
√
1+8k
2 e ≤ n ≤ 2k, where d e denotes rounding up to the nearest inte-

ger.

Proof. It is enough to show the left inequality. Notice that k ≤
(
n
2

)
= n(n−1)

2

and hence n2 − n − 2k ≥ 0. Solving the last inequality we get that n ≥
1+
√
1+8k
2 . �

Theorem 4. If ConA is atomic with |At| = κ ≥ 2, then A is a subdirect
product of κ subdirectly irreducible algebras. Moreover, this decomposition
is proper, i.e. there is no isomorphic copy of A in this product.

Proof. Let κ ≥ 2 and At = {θ (ai, bi) , i ∈ I} and for every i ∈ I let θai,bi
be a maximal congruence separating {ai, bi}. Then as in Birkhoff’s The-
orem A/θai,bi is subdirectly irreducible and

⋂
{θai,bi : i = 1, . . . , k} = ∆A.

Hence A is a subdirect product of subdirectly irreducible algebras A/θai,bi .
Moreover, ConA is atomic, so θai,bi 6= ∆A and hence this decomposition is
proper. �

For a finite numbers of atoms κ = k this theorem gives a subdirect
decomposition into k = |At| factors. By Proposition 13 k ≤

(
n
2

)
, so we have

at most
(
n
2

)
factors for any n-maximal algebra. The next theorem limits

the number of factors to n− 1.

Theorem 5. If A is n-maximal with n ≥ 2, then A is a subdirect product
of at most n− 1 subdirectly irreducible algebras.

Proof. If n = 2, then A is subdirectly irreducible and 2 − 1 = 1 so the
assertion is true. Assume that the assertion is true for some fixed n ≥ 2.
Let A be n + 1-maximal. Then there is a minimal relevant set X ⊆ A
such that |X| = n + 1. As in the proof of Theorem 10 for any a ∈ X we
take Xa = X \ {a}. Then there exists a congruence ϕ 6= ∆A such that ϕ
separates Xa. Let Φ be a maximal congruence with this property, i.e. Φ is
Xa-maximal. Then there exists b ∈ Xa such that (a, b) ∈ Φ and θ (a, b) is
an atom in ConA. Then Φ∩ θa,b = ∆A and hence A is a subdirect product
of A/Φ and A/θa,b wherein the last algebra is subdirectly irreducible. Since
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Φ is Xa-maximal and |Xa| = n, we get by inductive assumption that A/Φ
is m-maximal for some m ≤ n. By induction A/Φ is a subdirect product
of at most n− 1 subdirectly irreducible algebras. Finally, A is a subdirect
product of at most n− 1 + 1 = n subdirectly irreducible algebras. �

Notice that if κ from Theorem 4 is infinite, then A is κ-maximal, so we
can formulate a generalization of the last theorem:

Corollary 6. If ConA is atomic and A is κ-maximal, then A is a subdirect
product of κ subdirectly irreducible algebras.
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ON THE ALIENATION OF THE CAUCHY EQUATION
AND THE LAGRANGE EQUATION

KATARZYNA TROCZKA-PAWELEC AND IWONA TYRALA

Abstract

In this article we look for all solutions of the Cauchy-Lagrange functional equation.
The idea of considering such an equation is associated with the alienation phenomenon.

1. Introduction

In 1988 Dhombres in his article prove following

Theorem 1 (Dhombres, see [1]). Let X and Y be two unitary rings and X
be 2-divisible. Then each solution f : X → Y of the equation

(1) f(x+ y) + f(xy) = f(x) + f(y) + f(x)f(y),

where x, y ∈ X, such that f(0) = 0 yields a solution of the system

(2)

{
f(x+ y) = f(x) + f(y)

f(xy) = f(x)f(y)

for x, y ∈ X.

Adding sidewise equations in the system (2), we obtain the equation (1).
It turns out that (2) and (1) are equivalent if and only if f(0) = 0. The
above effect is called the alienation phenomenon. This kind of results, as
well as their various generalizations, were considered in [2]-[9] and [12]-[14].

Our studies are connected with

Theorem 2 (Aczél, 1963, see [11]). Let functions f, g : R → R satisfy the
Lagrange functional equation

g(x)− g(y) = (x− y)f
(
x+ y

2

)
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for all x, y ∈ R. Then, there exist constants α, β, γ such that{
g(x) = αx2 + βx+ γ

f(x) = 2αx+ β

for x ∈ R.

We present the main result of the article [14] associated with the above
theorem.

Theorem 3. Let (R,+, ·) be a uniquely 2-divisible ring. Then each solution
f, g : R→ R of the functional equation

(3) f(x+ y) + g(x)− g(y) = f(x) + f(y) + (x− y)f
(
x+ y

2

)
for all x, y ∈ R yields a solution of the system

(4)

{
f(x+ y) = f(x) + f(y)

g(x)− g(y) = (x− y)f
(x+y

2

)
for x, y ∈ R.

2. Preliminary results

Now, we study a generalization of the system (4). In order to do that we
introduce a new function h in the equation (3). We prove the following

Theorem 4. Let (R,+, ·) be a uniquely 2-divisible ring. If functions f, g, h :
R→ R satisfy the functional equation

(5) f(x+ y) + g(x)− h(y) = f(x) + f(y) + (x− y)f
(
x+ y

2

)
,

for all x, y ∈ R, then there exists an additive function a : R→ R such that
f(x) = a(x) + f(0)

g(x) = g(0) + 1
2xa(x) + xf(0)

h(x) = g(0) + 1
2xa(x) + xf(0)− f(0)

for all x ∈ R.

Proof. Replacing y by x in (5) we obtain

(6) h(x) = f(2x)− 2f(x) + g(x), x ∈ R.

Applying (6) to (5), we get

(7) f(x+ y) + g(x)− g(y)− f(2y) = f(x)− f(y) + (x− y)f
(
x+ y

2

)
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for all x, y ∈ R. Let us take y = 0 in (7). Then,

(8) g(x) = g(0) + xf
(x
2

)
, x ∈ R.

Using formula (8) in (7) we get the following relation:

(9) f(x+y)+xf
(x
2

)
−yf

(y
2

)
−f(2y) = f(x)−f(y)+(x−y)f

(
x+ y

2

)
.

Interchanging x and y, we get also

(10) f(x+y)+yf
(y
2

)
−xf

(x
2

)
−f(2x) = f(y)−f(x)+(y−x)f

(
x+ y

2

)
.

Adding sidewise equations (9) and (10), we infer that

2f(x+ y) = f(2x) + f(2y), x, y ∈ R.
Replacing in the above equation x and y by x/2 and y/2, respectively, we
have

(11) f

(
x+ y

2

)
=
f(x) + f(y)

2
), x, y ∈ R,

that is, f satisfies Jensen functional equation (see [10]), and there exists an
additive function a such that f = a+ f(0). This together with (8) and (6)
yields immediately the assertation of the theorem. �

Note that a true statement similar to the previous can be formulated:

Theorem 5. Let (R,+, ·) be a uniquely 2-divisible ring. If functions f, g, h :
R→ R satisfy the functional equation

(12) f(x+ y) + g(x)− h(y) = f(x) + f(y) + (x− y)
(
f(x) + f(y)

2

)
for all x, y ∈ R, then there exist an additive function a : R→ R such that

f(x) = a(x) + f(0)

g(x) = g(0) + 1
2xa(x) + xf(0)

h(x) = g(0) + 1
2xa(x) + xf(0)− f(0)

,

where x ∈ R.

Proof. Let us take y = x in (12). We get

(13) h(x) = f(2x)− 2f(x) + g(x), x ∈ R.
By (13) and (12) we obtain for all x, y ∈ R

(14) f(x+y)+g(x)−f(2y)−g(y) = f(x)−f(y)+(x−y)
(
f(x) + f(y)

2

)
.
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Taking y = 0 in the above, we deduce

(15) g(x) = g(0) +
1

2
x(f(x) + f(0)), x, y ∈ R.

Applying (15) in (14) we get

(16) f(x+ y)− f(2y) + 1

2
f(0)(x− y) = f(x)− f(y) + 1

2
xf(y)− 1

2
yf(x).

Interchanging x and y, we have

(17) f(x+ y)− f(2x) + 1

2
f(0)(y − x) = f(y)− f(x) + 1

2
yf(x)− 1

2
xf(y).

By (16) and (17) we obtain

2f(x+ y) = f(2x) + f(2y), x, y ∈ R.
Becouse of the above equation is the Jensen functional equation this com-
pletes the proof. �

3. Alienation

Assuming that f(0) = 0, we get the conclusion on alienation of appro-
priate equations.

Corollary 1. Let (R,+, ·) be a uniquely 2-divisible ring and f(0) = 0.
Functions f, g, h : R→ R satisfy the functional equation (5) if and only if

(18)

{
f(x+ y) = f(x) + f(y)

g(x)− h(y) = (x− y)f
(x+y

2

)
for all x, y ∈ R.

Proof. It is clear that (18) implies (5).

According to Theorem 4, h = g and f is an additive function. Applying
(5) we deduce that

g(x)− g(y) = (x− y)f
(
x+ y

2

)
, x, y ∈ R.

�

Corollary 2. Let (R,+, ·) be a uniquely 2-divisible ring and f(0) = 0.
Functions f, g, h : R → R satisfy for all x, y ∈ R the functional equation
(12) if and only if

(19)

{
f(x+ y) = f(x) + f(y)

g(x)− h(y) = (x− y)
(
f(x)+f(y)

2

) ,

where x, y ∈ R.
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Proof. The implication (19) ⇒ (12) is obvious.

Now, assume that functions f, g, h satisfy the equation (12). The equality
h = g results from Theorem 5. Moreover, the function f is additive. On
account of (12),

g(x)− g(y) = (x− y)
(
f(x) + f(y)

2

)
, x, y ∈ R.

�

The next theorem is the main result of this paper.

Theorem 6. Let (R,+, ·) be a uniquely 2-divisible ring. Functions f, g, h :
R→ R satisfy for all x, y ∈ R the functional equation

(20) f

(
x+ y

2

)
+ g(x)− h(y) = f(x) + f(y)

2
+ (x− y)f

(
x+ y

2

)
if and only if

(21)

{
f
(x+y

2

)
= f(x)+f(y)

2

g(x)− h(y) = (x− y)f
(x+y

2

)
for all x, y ∈ R.

Proof. It is clear that (21) implies (20).

Let us take y = x in (20). We get

(22) g(x) = h(x), x ∈ R.
By means of (22) and (20), we conclude

(23) f

(
x+ y

2

)
+ g(x)− g(y) = f(x) + f(y)

2
+ (x− y)f

(
x+ y

2

)
for every x, y ∈ R. By interchanging x and y, we obtain

(24) f

(
x+ y

2

)
+ g(y)− g(x) = f(x) + f(y)

2
+ (y − x)f

(
x+ y

2

)
.

By (23) and (24) we get

g(x)− g(y) = (x− y)f
(
x+ y

2

)
, x, y ∈ R.

Applying the above to (23), we have

f

(
x+ y

2

)
=
f(x) + f(y)

2
, x, y ∈ R.

This finishes the proof. �
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Using a similar argument we receive an analogous theorem:

Theorem 7. Let (R,+, ·) be a uniquely 2-divisible ring. Functions f, g, h :
R→ R satisfy for all x, y ∈ R the functional equation

f

(
x+ y

2

)
+ g(x)− h(y) = f(x) + f(y)

2
+ (x− y)

(
f(x) + f(y)

2

)
if and only if {

f
(x+y

2

)
= f(x)+f(y)

2

g(x)− h(y) = (x− y)
(
f(x)+f(y)

2

)
for all x, y ∈ R.
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ON SECURITY PROPERTIES OF RC5 CIPHER’S NON
STANDARD MODIFICATIONS

ADAM KOZAKIEWICZ AND MIROSŁAW KURKOWSKI

Abstract

The RC5 algorithm is the cipher from the family of symmetric ciphers created by
Ronald Rivest. Unlike other encryption algorithms, RC5 is designed this way, that a
user or a security system architect can change some of its parameters. RC5 is a block
cipher processing cipher-text blocks in the sequential rounds, where input of each round
is the output of the previous one. In each round data is processed with usage of the key.
The parameters of the cipher that can be changed are following: length of the key, length
of the processed block and number of rounds. These parameters should be chosen based
on the required level of security of communication.

However there are such structures in RC5 that use of them is not entirely clear from
the point of view for algorithm’s security. The aim of this paper is to examine how a
cryptographic power of the cipher is affected by modifications to these structures.For this
purpose will be used the well-known NIST tests.

1. Introduction

Ensuring the confidentiality of transmitted data is a very important prob-
lem in modern computer networks. Widely applies here cryptography, for-
merly used only for military purposes. The cryptography helps to solve
many problems in modern computer networks, such as access control, trans-
mission data safety or other topics related to security of computer systems.

The very important property of cryptographic algorithms is their widely
understood security. One of the measures used to assess these properties
are tests developed by American National Institute of Standards and Tech-
nology (NIST) [8, 9]. During the analysis of the constructed and used
algorithms one can notice that, that sometimes in their design are used
structures, which role is not clear especially in the aspect of their impact
on the quality of the cipher. Sometimes these constructions are not based
on the thorough scientific research, but on the practical experience of their
architects. The importance of the introduction of these constructions one
can confirm by studying quality of the cipher after making some changes
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to their structure. For this can be used e.g. NIST tests mentioned before.
The aim of this article is to investigate security properties of some custom
modifications of RC5 using NIST tests.

The structure of this paper is as follows: in the next section RC5 cipher
[1, 2, 5] will be introduced and one of interesting taken so far attempts to
break it by brute-force method will be discussed. In the following section
will be discussed tests proposed by NIST which goal is to verify quality of
cipher. In the main section of article we will show tests results of some
special custom modifications of RC5 cipher. This paper will be finished by
section containing a summary of research.

2. RC5 cipher

The RC5 cipher was designed in 1994 by Ron Rivest and was initially
tested by RSA Laboratories [1, 2, 5]. During the design of this cipher,
Rivest had in mind following aspects:

• new cipher has to be a symmetric cipher,
• new cipher should be easy to implement both in hardware and soft-
ware,
• new cipher had to be fast and possible for implementation on pro-
cessors working with different lengths of word,
• cipher structure had to be iterative with variable number of cycles,
which should be a parameter and compromise between fastness and
security,
• new cipher should work with keys of different lengths,
• new cipher should be of course a safe algorithm strongly resistant
to known cryptanalytic attacks.

An important parameter of RC5 cipher is length of a word w. The length
of currently processed input/output block equals 2w bits. The length w is
used as w = 32 which mean,s that lengths of plaintext and ciphertext equals
64 bits. RC5 is very customizable and can use an arbitrary length of word
w. For practical use it is proposed to use lengths of word: w = 16, 32 or 64
bits. Another parameter of the discussed cipher is the number of cycles r,
on which depends also the number of key generated by procedure of main
key extension. Dependency between number of keys generated per cycle t
and number of cycles is shown as follows: t = 2(r + 1). It is clear, that the
bigger number of cycles r the bigger is safety level. However in this case the
execution speed of the cipher is significantly reduced.

Apart from different length of word and different number of cycles, RC5
can operate on keys with different length. Size of key is defined in bytes
with p parameter and the particular bytes of main key are recognized as
K0,K1, . . . ,Kb−1.
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The variety of values of parameters mentioned above, which could be used
in practice caused the introduction of special notation to describe cipher:
RC − 5w/r/b, where: w - size of word in bits, r - number of cycles, b -
length of main key K in bytes. For example: RC5− 32/16/10 means, that
this cipher processes 64-bit blocks, uses 80 bits key and executes 16 cycles.

Algebraic operations used in RC5 encryption and decryption processes
are:

(1) sum of two numbers in finite field GF (2w), which is denoted as
summing character + and reverse of this operation is marked as −

(2) XOR - modulo 2 sum of two integers,
(3) periodic left shift; shift of word x for y bits is marked as x <<< y

(reverse operation - periodic right shift is marked as x >>> y).
In encryption process for each cycle there are used two keys S, generated

by method of extending main key, marked as S2i and S2i+1. It is assumed
that input block with size 2w bits is divided into two blocks with w size,
for registers A and B.

RC5 encryption process is as follows:
A← A+ S0
B ← B + S1
for i = 1 to r do
A← ((A XOR B) <<< B) + S2i;
B ← ((A XOR B) <<< A) + S2i+1

At the beginning values of registers A and B are added in GF (2w) field
to key values S0 and S1. Then, during next r cycles there are used: XOR
of A and B contents, cyclic shifts and addition of shifted values with keys of
cycle S in field GF (2w). It is important, that this shift occurs as the only
one non-linear operation of this algorithm. In single cycle values of both
registers are changed.

The RC5 decryption process de facto makes the inverse operations of
encryption in the reverse order. Decryption algorithm can be then shown
as follows:

for i = r downto 1 do
B ← ((B − S2i+1) >>> A) XOR A
A← ((A− S2i) >>> B) XOR B
B ← B − S1
A← A− S0

Similarly as in most ciphers, RC5 uses the algorithm of the extension of
the main key to generate different key for each cycle - iteration. For this
purpose RC5 uses two numbers Pw and Qw with size of word w.

They are defined as follows:
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Date Jun. 05 Jun. 07 Sep. 08 May 09
Percent Compl. 0.226 0.4 0.519 0.61
Time [days] 902 1574 2112 2359

Date Sep. 11 Feb. 12 Sep. 12 Dec. 12
Percent Compl. 1.843 2.182 2.542 2.672
Time [days] 3201 3362 3579 3679

Date Sep. 13 Oct. 15 Jun. 16 Aug. 16
Percent Compl. 2.957 3.753 4.083 4.175
Time [days] 3941 4691 4941 5021

Table 1. RC5 72-bit key challenge - statistics

Pw = Odd((e− 2) · 2w),
Qw = Odd((φ− 1) · 2w),
where: e is a base of the natural logarithm, and φ is a value of the gold

number. Function Odd(x) rounds x value up to the nearest integer number.
RC5 is a very popular cipher used in many commercial and non-commercial

implementations. Its cryptographic power is confirmed both by NIST tests
[8, 9] and by cryptanalysts research [3, 4, 6, 7]. Strong resistance against
brute-force attack was studied by organization distributed.net, which has
organized world challenge to brute break this cipher. In case of cipher with
key length equal 72 the results of breaking are shown in Table below.

Several years ago an organisation distributed.net started a challenge of
brute-force breaking of RC5 cipher. For many years a few kinds of RC5 were
broken. To find secret RC5’s with the 64-bit key computations took 1726
days by searching 82.77 percent of total dictionary [10, 11]. A distributed
computing project currently works on RC5 72-bit RSA secret-key challenge
which volunteer’s machines cooperation, simply by method brute-force. The
table 1 shows how it was changing since 2005 to present.

As it can be seen searching completely 72-bits dictionary is still in progress
under 5%, so it is the proof this key is hard to find by brute-force method.

3. NIST tests

The need for random and pseudorandom numbers arises in many cryp-
tographic applications such as RC5. The NIST Test Suite is a statistical
package consisting of 15 tests that were developed to test the randomness
of (arbitrarily long) binary sequences produced by either hardware or soft-
ware based on cryptographic random or pseudorandom number generators.
These tests focus on a variety of different types of non-randomness that
could exist in a sequence. Some tests are decomposable into a variety of
subtests. The 7 of 15 tests are:
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Zastosowane testy:

• Frequency (Monobits) Test - The focus of the test is the proportion
of zeroes and ones for the entire sequence. The purpose of this test
is to determine whether that number of ones and zeros in a sequence
are approximately the same as would be expected for a truly random
sequence. The test assesses the closeness of the fraction of ones to
1
2 , that is, the number of ones and zeroes in a sequence should be
about the same.
• Test for Frequency within a Block - The focus of the test is the
proportion of zeroes and ones within M-bit blocks. The purpose of
this test is to determine whether the frequency of ones is an M-bit
block is approximately M

2 .
• Runs Test - The focus of this test is the total number of zero and
one runs in the entire sequence, where a run is an uninterrupted
sequence of identical bits. A run of length k means that a run
consists of exactly k identical bits and is bounded before and after
with a bit of the opposite value. The purpose of the runs test is to
determine whether the number of runs of ones and zeros of various
lengths is as expected for a random sequence. In particular, this
test determines whether the oscillation between such substrings is
too fast or too slow.
• Test for the Longest Run of Ones in a Block - The focus of the test is
the longest run of ones within M-bit blocks. The purpose of this test
is to determine whether the length of the longest run of ones within
the tested sequence is consistent with the length of the longest run
of ones that would be expected in a random sequence. Note, that
an irregularity in the expected length of the longest run of ones
implies that there is also an irregularity in the expected length of
the longest run of zeroes. Long runs of zeroes were not evaluated
separately due to a concern about statistical independence among
the tests.
• Random Binary Matrix Rank Test - The focus of the test is the rank
of disjoint sub-matrices of the entire sequence. The purpose of this
test is to check for linear dependence among fixed length substrings
of the original sequence.
• Discrete Fourier Transform (Spectral) Test - The focus of this test
is the peak heights in the discrete Fast Fourier Transform. The
purpose of this test is to detect periodic features (i.e., repetitive
patterns that are near each other) in the tested sequence that would
indicate a deviation from the assumption of randomness.
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• Non-overlapping (Aperiodic) Template Matching Test - The focus
of this test is the number of occurrences of pre-defined target sub-
strings. The purpose of this test is to reject sequences that exhibit
too many occurrences of a given non-periodic (aperiodic) pattern.
For this test and for the Overlapping Template Matching test, an
m-bit window is used to search for a specific m-bit pattern. If the
pattern is not found, the window slides one bit position. For this
test, when the pattern is found, the window is reset to the bit after
the found pattern, and the search resumes.

4. Experiment results

As mentioned in the introduction the purpose of this paper is to study
quality of RC5 cipher with custom, non standard modifications. Firstly it
was changed number of rotation in encryption algorithm and the values of
constants P and Q in algorithm for generating sub-keys. The use of particu-
lar number of rotations and mentioned before P and Q values in RC5 is not
proved by any cryptanalysis thesis. Research objectives are experimental
verification if changes of those cipher parameters cause a reduction of its
cryptographic power related to NIST tests.

As stated in the introduction for research was used own implementation of
cipher made according to original specification. Standard output of working
RC5 algorithm application has been used as base for further comparison.
After analysing 15 different statistical tests it could be concluded that most
of them (14 of 15, except for Entropy Test) succeeded.

Secondly, the experiment was repeated with increased input data file and
increased data probing from 25 to 100 bitstreams. Mean success ratio for
10 tests reached 95%, where Test for Frequency within a Block and Test
for the Longest Run of Ones in a Block gave 100% result, despite analyzed
ciphertext beeing longest. Other 4 test succeed as well up to 93%. Only
Entropy Test gave 68%.

RC5 algorithm was tested with use of special modifications described
before. Results for different test cases deviated no more than 1%. For this
reason and considering that total content of this paper should be sufficient
in the description below we will show general results with no particular
discussion about each case.

Frequency Test each time gave results above 98%, for modification P,Q =
0x00000000 gave 99%, and for P,Q = 0xFFFFFFFF 100%. Test for Fre-
quency within a Block gave results not less than 99%. As the result of
Cumulative Sum Test minimum value was 97% only for custom modifica-
tion with removed rotation. Similar only for this modification (removed
rotation) score of Runs Test was minimal 97%. Run Test for others gave
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even two times 100%. Test for the Longest Run of Ones in a Block under-
performed slightly in case with no rotation, because equaled 95%, however
for other cases results were between 99 − 100%. Random Binary Matrix
Rank Test reached maximum limit 100% for custom modification without
rotation and minimum was 98% for probe encrypted by RC5 with 6-times
rotation. Discrete Fourier Transform Test had the worst score only for
modification with 6-times rotation, for others score was 99 − 100%. It
should be also mention about Overlapping Template Matching Test (based
on 0 I 1 given by default) made for each probe when results were above
99% (only for P,Q = 0xFFFFFFFF : 98%). Non-overlapping Template
Matching Tests (147 samples for each) also succeeded, minimum value was
78% and maximum value was 100%, however some of those tests went even
better for custom modifications than for standard RC5 algorithm with-
out any. Only Approximate Entropy Test gave worse results for each
case (for P,Q = 0xFFFFFFFF : 56%; for P,Q = 0x00000000: 58%;
P,Q = 0xFFFFFFFF : 64%). Exception was results of Entropy Tests
for custom modification with no rotation, it was 0% for bigger input file
and 100% for smaller input file. (C1− C9 = 0, C10 = 25/25).

Serial Test and Approximate Entropy Test were slightly worse but could
be considered successful, however for bigger input file and custom modifi-
cation without rotation there was exception: 2 Serial Tests gave 0%, 9%).

To sum up, results of NIST tests for customized modifications RC5 cipher
succeeded, regardless of which kind of modification was made. For smaller
file, when probe was too small, the tests did not start. Only Entropy Tests
(or Serial Tests) went worse for each case, regardless of size of input file yet
still better than results of original RC5 algorithm.

5. Final remarks

As shown in the results about discussed custom changes of the cipher,
they have not negative impact on its cryptographic power. Custom changes
such as different rotation times or constants value for generate round keys
did not affect NIST tests score, so they can not be found as unnecessary. The
discussed special constructions that appear in RC5 are unreasonable from
the point of view for cipher security and properties checked by the tests. The
other reasons for introducing them are not known for us. Further research
can be related withinvestigation to find other proofs about introduction of
included constructions in cipher algorithm.
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APPLICATION OF MODULAR COMPUTING
TECHNOLOGY TO NONLINEAR ENCRYPTION IN
CRYPTOGRAPHIC SYSTEMS OF INFORMATIONAL

SECURITY

MIKHAIL SELIANINAU

Abstract

In the present paper, we deal with the methodology of nonlinear encryption on the
basis of parallel modular computing structures. The use of the minimal redundant modu-
lar number system and the interval-modular form of representation of an integer number
defined by its modular code creates the computer-arithmetical basis of a cryptographic
procedure under consideration. The proposed encryption algorithm is based on the index
method of realization of the modular multiplicative operations.

1. Introduction

The creation of effective and secure information systems is one of the
priority directions of constructing the protected, dynamically developing
information space which covers all the fields of the state activity. Solving the
problems of creation of new information security technologies, it is necessary
to combine, on the one hand, the high processing rate and transmissions of
large volumes of information, and on the other hand, access restrictions to
it, providing the required information protection level [1 - 5].

However, in modern information and communication systems the most
of the known algorithms of cryptographic information security do not allow
performing real time encoding of big data streams. This is substantially
caused by the fact that the conventional methods of implementation of
these algorithms on the basis of arithmetic of positional number system are
insufficiently effective owing to their sequential internal structure.

One of the perspective directions of developing modern cryptography sys-
tems of information security (CSIS) consists in the use of nonconventional
methods of information processing on the basis of application of the modu-
lar computing structures (MCS) possessing the maximum level of internal
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parallelism [6 - 10]. In the present article, the implementation of the nonlin-
ear encryption algorithm in modular number systems (MNS) is discussed.
The possibility of employing the index representation of Galois fields ele-
ments and minimal redundant modular coding of information is considered
to increase the speed of cryptographic transformations.

2. The index method of realization of multiplicative
operations

The computing algorithms used in the modern CSIS are characterized
by the increased content of multiplicative arithmetical operations (modular
multiplication and exponentiation of elements of finite fields) in the case of
relatively small amount of additive operations. In such systems the index
representation of nonzero elements of Galois fields is the most convenient
tool for implementation of cryptographic transformations.

The main idea underlying the index data representation (or as it also
called "discrete log representation") consists in the possibility of reducing
the modular multiplication operation of residues to the modular addition
operation [11].

Let us define some prime module p. A set of the smallest non-negative
residues of the division of all integer numbers by p forms a complete residue
system modulo p, i.e. a set Zp = {0, 1, . . . , p− 1}.

Let us designate a set containing nonzero elements of a ring Zp as Z∗p =
{1, 2, . . . p − 1}. The set Z∗p is the reduced system of residues modulo p
and represents a cyclic group with respect to multiplication modulo p.
This means that there is a generating element g such that any element
χ ∈ Z∗p can be obtained as some degree of an element g, i.e. the set
{|g0|p, |g1|p, . . . , |gp−2|p} coincides with the set Z∗p accurate within the per-
mutation of its elements.

The isomorphism of the multiplicative group Z∗p and the additive group
Zp−1 = {0, 1, . . . , p−2} set by the mapping G : Z∗p → Zp−1 which assigns to
each element χ ∈ Z∗p the unique element G(χ) = indg χ from Zp−1 satisfying
the equality

|gindg χ|p = χ, (1)

plays a significant part in practical realization of the idea of the index
method for organization of modular calculations. Here, g is a primitive
root modulo p defined as an element of Abelian group 〈Z∗p,×〉 ⊂ 〈Zp,+〉
with the order N = φ(p) = p − 1; φ(p) is the Euler function (the number
of nonzero residues of the ring Zp mutually prime to p); the element indg χ
of the group Zp−1 is called an index (or a logarithm) of an integer χ to the
base g modulo p.
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The index representation of the nonzero elements of the field GF (p) is
suitable for performance of multiplicative operations as well as operations
inverse to them [6]. According to (1), in the case of prime p for any α, β ∈ Z∗p
the following relation is true

|αβ|p = |gindg |αβ|p |p = |g|indgα+indg β|p−1 |p. (2)

Thus, the multiplication modulo a prime p can always be reduced to mod-
ular addition because of the isomorphism of multiplicative group Z∗p and
additive index group Zp−1. According to (2), in order to obtain |αβ|p it is
enough to determine the indices indg α and indg β of the operands α and β,
add them modulo p− 1 and then transform the resulting residue indg |αβ|p
= | indg α+ indg β|p−1 to the desired product |αβ|p.

For small value of the module p, the direct and inverse transformations of
the residues χ and indg χ (χ ∈ Zp) corresponding to the mappings G : χ→
indg χ and G−1 : indg χ→ χ in practice are easily carried out by the look-up
table method. Since the volume of the tables required for transformations is
about 10 times less than it is for the table of residue multiplication modulo p,
then a considered method of modular multiplication with the use of indices
appears more efficient than a direct table method, especially with increase
of the value of module p. At the same time, the permitted values of the
chosen MNS bases are majorized by a threshold allowing the application of
tables, for example, by 216.

In recent years, the comprehensive use of the algebraic systems defined in
Galois’ fields is one of the most perspective directions in the development of
modern CSIS. Therefore, the index method of organization of the modular
computation (see (2) and (3)) is of the special interest from the practical
point of view, first of all, for effective realization of cryptological procedures
in the MNS.

3. The computer-arithmetical basis of modular computing
technology

At the present time exists a situation when a conventional data represen-
tation and the use of conventional arithmetic of position number systems
cease to meet the increased requirements for the CSIS performance. One of
the ways to improve a CSIS is the transition to the unconventional comput-
ing arithmetic, i.e. by performing all the computations using a MNS [6–10].
The unique property of MNS to carry out the intrinsic decomposition of
basic algebraic systems into components of smaller complexity independent
from each other caused the wide use of modular arithmetic (MA) in mod-
ern computer science and its applications as effective mathematical tool for
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mapping of computing processes to high-speed parallel pipeline architec-
tures [6, 7, 12–17].

A classic MNS on the set of integers Z is determined by means of pairwise
relatively prime modules m1,m2, . . . ,mk (k ≥ 2). In the given MNS, the
numberX ∈ Z is represented asX = (χ1, χ2, . . . , χk), where χi = |X|mi ; we
shall designate through |x|m the element of the set Zm = {0, 1, . . . ,m− 1}
that is congruent to x modulo m. In the nonredundant MNS with the bases
m1,m2, . . . ,mk it is possible to code at most Mk =

∏k
i=1mi integers. At

the same time, the set ZMk
= {0, 1, . . . ,Mk − 1} is usually used as a range

of MNS.
In the MNS with the bases m1,m2, . . . ,mk the modular operations (ad-

dition, subtraction and multiplication without overflow check) on any two
integers A and B, represented by means of modular codes (MC): A =
(α1, α2, . . . , αk), B = (β1, β2, . . . , βk) (αi = |A|mi , βi = |B|mi , i = 1, 2, . . . , k),
are carried out independently for each base, i.e. by the rule

A ◦B = (α1, α2, . . . , αk) ◦ (β1, β2, . . . , βk) =

= (|α1 ◦ β1|m1 , |α2 ◦ β2|m2 , . . . , |αk ◦ βk|mk
) (◦ ∈ {+,−,×}. (3)

The natural internal parallelism of MNS caused by the lack of interdigit
carry propagation during performance of modular operations (3) holds a
central position in all the advantages of MA.

The decoding mapping ΦMNS : Zm1 × Zm2 × . . . × Zmk
→ D for the

MNS with a range D = ZMk
which associates the MC (χ1, χ2, . . . , χk) with

an element X ∈ D can be realized according to the Chinese Remainder
Theorem [6, 7] by means of the relation

X =

k−1∑
i=1

Mi,k−1|M−1i,k−1χi|mi + I(X)Mk−1, (4)

where Mi,k−1 =Mk−1/mi,Mk−1 =
∏k−1
i=1 mi; I(X) is an integral character-

istic of MC called an interval index (II) of a number X with respect to the
modules m1,m2, . . . ,mk; |c−1|m designates the multiplicative inversion of
an integer c modulo m which is defined as an element d of a ring Zm such
that |cd|m = 1. For any c relatively prime to m the value d = |c−1|m always
exists and is unique. The expression (4) is called an interval-modular form
(IMF) of an integer X [6, 7] .

In the classical MNS the calculation of an II I(X) demands the appli-
cation of the general algorithm for generating the integral characteristics
of MC which is quite difficult and labor-consuming [7, 18]. As is generally
known, it is possible to improve significantly the arithmetic properties of
MNS and to optimize the algorithms of MA by introducing the so-called
minimal additional redundancy which is carried out by some reduction of
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the effective range of MNS [6, 7, 12, 13]. The minimal redundant modular
coding ΦMRMNS : Zm1 × Zm2 × . . . × Zmk

→ D provides the use of the
range D with a cardinal number |D| < Mk.

For many computer applications including also most of modern cryp-
tological algorithms it is enough to use as basic the version of minimal
redundant MA (MRMA) oriented on operating only with non-negative in-
tegers. In this case, for the redundant MNS a set ZM = {0, 1, . . . ,M − 1}
is usually applied as a range D, where M = m0Mk−1, m0 is a fixed natural
number.

The required configuration of minimum redundant MNS (MRMNS) is
achieved by the choice of the kth module mk satisfying a condition mk ≥
m0 + ρ, where

ρ =

⌊
k−1∑
i=1

mi − 1

mi

⌋
= k − 1−

⌈
k−1∑
i=1

1

mi

⌉
≤ k − 2 (5)

represents the maximum value of the rank characteristic ρk−1(X) deter-
mined by the equality

|X|Mk−1
=

k−1∑
i=1

Mi,k−1|M−1i,k−1χi|mi + ρk−1(X)Mk−1

(the designations bxc and dxe are used for the nearest to x integers at the
left and at the right, respectively). The minimal redundancy is attained in
the case when the equality mk −m0 − ρ = |mk − ρ|2 holds [7, 12, 13].

At the same time, the calculation of the II I(X) of a number X ∈ D
becomes extremely simple since its value is completely defined by the so-
called computer II Îk(X) = |I(X)|mk

and is reduced to summation of a set
of k residues modulo mk. The following relation is true:

I(X) =

{
Îk(X) if Îk(X) < m0;

Îk(X)−mk if Îk(X) ≥ mk − ρ,
(6)

where the residue Îk(X) is determined according to the calculation relations

Îk(X) =

∣∣∣∣∣
k∑
i=1

Ri,k(χi)

∣∣∣∣∣
mk

; (7)

Ri,k(χi) =

∣∣∣∣−χi,k−1Mk−1

∣∣∣∣
mk

(i 6= k), Rk,k(χk) =

∣∣∣∣ χk
Mk−1

∣∣∣∣
mk

. (8)

A redundancy of modular coding is specified by the relation

RMNS = 1− log |ZM |
log |ZMk

|
= 1− logM

logMk
=

log (mk/m0)

logMk
.



128 M. SELIANINAU

Taking into account (5), the lower bound of the input redundancy is
assigned by the formula

RMNS,min =
log (mk/(mk − k + 2))

logMk

and approaches zero with the increase of cardinality of the MNS range.
In spite of the fact that the input additional redundancy is very small,

just it allows us to simplify significantly the algorithms of performance of
nonmodular operations, first of all, the operations of transformation and
expansion of MC. It is seen from the relations (6)–(8) that in compari-
son with conventional (nonredundant) configurations of the MA a minimal
redundant modular coding allows us to attain an essentially new level of
optimization of nonmodular procedures on such qualitative characteristics
as performance and computational burden. This is caused by the fact that
the nonmodular procedures synthesized on the basis of IMF (4) use an in-
terval index which is calculated by means of the simple relations and is
formed precisely, without an error inherent in the calculation of the rank
characteristic [6, 7]. The main advantages of applied modular computing
technology for the construction of CSIS are determined by the reason men-
tioned above, and a MRMA represents an effective computer-arithmetical
basis for the realization of various cryptographic tasks.

4. The nonlinear algorithm of symmetric encryption in the
MNS

Let us consider the realization of nonlinear encryption of a high-speed
data flow with the use of minimal redundant modular coding and index
representation of nonzero elements of Galois fields.

The input sequence represented by a set of binary digits is divided into
blocks. Thus, each such a block of length L represents some non-negative
integer number A from the range [0, 2L), A = (aL−1 aL−2 . . . a1 a0)2,
where aj ∈ Z2 (j = 0, 1, . . . , L− 1).

Let us set the basic MRMNS with the bases m1,m2 . . . ,mk and the
range ZM . At the same time the modules mi (i = 1, 2, . . . , k) are chosen
to satisfy the relation M > 2L. A primitive element gi ∈ Zmi , i.e. the
generator of degree mi − 1, is chosen for each basis mi. Thus, a set of all
primitive elements over the bases of the MRMNS can be interpreted as the
MC (g1, g2, . . . , gk) of some number G ∈ ZM (gi = |G|mi , i = 1, 2, . . . , k)
which will be called a primitive number of MRMNS. The combination of
the chosen modules of MRMNS and the primitive number represent the
confidential information in the CSIS.

The number A ∈ Z2L corresponding to the information block is uniquely
coded in the MRMNS by the set of residues αi = |A|mi modulo mi (i =
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1, 2, . . . , k), i.e. A = (α1, α2, . . . , αk). Transformation of the positional
code of an integer A to the minimal redundant MC (MRMC) is carried out
within the parallel and pipelined MCS of look-up table type [6, 7]. Further,
a procedure for the encryption is applied to the block represented in MRMC.
For this purpose, at first, the L-bit key sequence B has to be generated by
means of pseudorandom sequence generator.

The process of encrypting represents the imposition of key sequence over
the information block in MRMNS. This procedure can be considered as
realization of some transformation C = |F (A,B)|Mk

which is carried out in
parallel over the bases m1,m2, . . . ,mk. In the MRMNS the various types
of linear and nonlinear cryptographic functions and their combinations can
be realized, for example C = |A + B|Mk

, C = |A · B|Mk
, C = |AB|Mk

.
The resulting cryptogram is of the form C = (γ1, γ2, . . . , γk), γi = |C|mi

(i = 1, 2, . . . , k), C ∈ ZM .
Let us consider the realization of the procedure of encrypting the open

data block with the use of multiplicative and exponentiation operations over
the elements of finite fields in MRMNS. The choice of such a cryptographic
procedure is determined by the fact that it is not linear and a decryption
of the received information requires calculation of a discrete logarithm that
is very labor-consuming task.

Let the nonlinear cryptographic transformation be set by the relationship
C = |A · GB|Mk

, where A is the coded data block, B is the key sequence,
G is the chosen predetermined primitive number. Then the MRMC of the
cryptogram C is formed according to the expression

γi = |A ·GB|mi = |αi · gBi |mi (i = 1, 2, . . . , k). (9)

Since (gi,mi) = 1, then according to Fermat’s theorem from the number
theory [11] we have |gBi |mi = |g

|B|mi−1

i |mi .
Therefore,

γi = |αi · gβii |mi , (10)

where βi = |B|mi−1 (i = 1, 2, . . . , k).
To calculate the residues γi we will use the index method of realization

of multiplicative operations in the ring Zmi . If the residue αi is nonzero,
then in accordance with (1) and (2) we receive

γi = |g
indgi γi
i |mi = |αi · g

βi
i |mi = |g

indgi αi

i · gβii |mi =

= |gindgi αi+βi
i |mi = |g

| indgi αi+βi|mi−1

i |mi .

Thus, a nonlinear encrypting in the MRMNS is reduced to calculation of
an index

indgi γi = | indgi αi + βi|mi−1 (11)
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and its following conversion to the residue γi (i = 1, 2, . . . , k).
If the tables of indices and anti-indices are previously created by the

rules TIndi[χ] = indgi χ (χ ∈ Z∗mi
) and TAIndi[s] = |gi|s|mi−1 |mi (s =

0, 1, . . . , 2(mi − 2)), respectively, then according to (11) an encrypting pro-
cedure modulo mi requires one reading the table TIndi for the specification
of an index indgi αi, calculation of the sum s = indgi αi + βi and receiving
the resulting residue γi by the table TAIndi.

The considered operations are performed in parallel over all the modules
of the MRMNS. The resulting MRMC (γ1, γ2, . . . , γk) of the cryptogram C
enters into a communication channel.

Let us consider a decrypting procedure which is also carried out in the
MRMNS. It follows from (9) that for decrypting the cryptogram C it is
necessary to create the inverse key B−1 = (β−11 , β−12 , . . . , β−1k ) by the known
key B which is represented by a set of residues (β1, β2, . . . , βk) (see (10)).
Each value of β−1i (i = 1, 2, . . . , k) is calculated based on the following

congruence condition |gβii · g
β−1
i
i |mi = 1. Thus, |βi + β−1i |mi−1 = 0, i.e.

β−1i = mi− 1− βi. The component of the MRMC of the information block
A is decoded according to the formula

αi = |γi · g
β−1
i
i |mi (i = 1, 2, . . . , k). (12)

Therefore, similar to operation of nonlinear encrypting, the decrypting op-
eration is reduced to calculation of the index

indgi αi = | indgi γi + β−1i |mi−1 (13)

and its following conversion to the residue αi.
The positional code of a number A can be computed by its MRMC

(α1, α2, . . . , αk) according to the formula (4) within the parallel and pipelined
MCS of the table type [6, 7]. Thus, the proposed multiplicative encrypting
algorithm for the CSIS allows us to attain the essential increase in efficiency
at the acceptable volume of the tabular memory due to the code parallelism
and the tabular nature of the MA, the performance of realization of non-
modular operations of code conversions as well as simplicity of calculating
the index of a finite field element.

5. The realization of the modular model of CSIS

The choice of the type of cryptographic protection for the concrete in-
formation system depends significantly on its features and should base on
the comprehensive analysis of requirements imposed on the CSIS. The re-
alization of cryptographic algorithms can be carried out by means of the
software, hardware or firmware. The main advantage of the software realiza-
tion is its flexibility, i.e. the possibility of fast modification of cryptographic
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algorithms. The main shortcoming consists in the essential smaller perfor-
mance in comparison with the hardware; however this difference decreases
with the development of computer technologies. The firmware combines the
advantages of thesoftware and hardware realization.

The designed algorithm of nonlinear encrypting is characterized by the
maximum level of unloading of the real time computing process from the
labor-consuming calculations which can be realized by means of the look-
up tables formed at a stage of preliminary calculations. This gives the
possibility to use an extremely simple table-summation configuration of the
CSIS which only extracts residues from tabular memory and sums them
over the bases of the MRMNS.

The complete private key of the introduced cryptological algorithm con-
sists of the standard private key (the generated pseudorandom sequence)
and the secure algorithm information formed by all the possible choice al-
ternatives for operational bases of the MRMNS and the primitive elements
corresponding to them. A cryptographical security of the described algo-
rithm is determined by all possible choices of total keys.

For the cryptological algorithm given above the process of creation of
the CSIS includes three associated subsystems, namely: generation of total
private keys, encryption of the message and decryption of the cryptogram.

The following main procedures are realized in a subsystem of generation
of total keys:

1. The choice and storing of the sets of operational bases m1,m2, . . . ,mk

for coding the data block of the required length.
2. The choice and storing of the sets of primitive roots (g1, g2, . . . , gk).
3. The generation of the key B = (β1, β2, . . . , βk) for encrypting on the

basis of the generated pseudorandom sequence.
4. The determining and storing the key B−1 = (β−11 , β−12 , . . . , β−1k ) in-

verse to B.
5. The recording of the total keys in the database (the concrete com-

binations of the optional bases, the corresponding primitive elements, and
the keys B and B−1). The separate storage of the selected sets of the oper-
ational bases m1,m2, . . . ,mk, the primitive roots (g1, g2, . . . , gk) as well as
the keys B and B−1 allows us to set up the different combinations of the
total keys.

The computation of the MRMC of the information block and its en-
crypting is implemented in the encryption subsystem. The decryption of
the received ciphered block by means of the inverse key and the following
conversion of its MRMC to the binary code is performed in the decryption
subsystem. The use of the different variants of total private keys allows
us to construct the flexible and simply transformed CSIS that permits us
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to implement different models of encrypting with the use of the modular
principles of information processing.
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FROM ARITHMETIC EXPRESSIONS TO
PROPOSITIONAL FORMULAE

LIDIA STĘPIEŃ AND MARCIN R. STĘPIEŃ

Abstract

In papers [3], [4], [5] Authors presented a new method of solving some kinds of compu-
tational tasks in the area of linear algebra by applying SAT-solver as the highly optimized
algorithms for solving the problem of propositional satisfiability. On input SAT-solver
(cf. [1], [2]) takes a propositional formula in the clause form. In this paper we show in
detail how any arithmetical expression can be translated into propositional formula in the
CNF form skipping out its traditional form. For this, we define the notion of consistency
of arithmetic and boolean valuations.

1. Background and notations

In [3], [4], [5] it was proposed a new method of declarative program-
ming in the area of linear algebra. To solve a problem, the programmer
determines the constraints of an object and leaves searching for this object
to a computer. In this new method all algebraic conditions and proper-
ties are represented by propositional formulas in such a way that satisfying
valuations represent the problem. The task of finding a solution and all cal-
culations are left to a computer equipped with highly optimized algorithms
called SAT-testers.

In this work we present a direct translation of an algebraic expression
(which describes some algebraic problems) to a propositional formula in the
clause form. We consider arithmetic terms t, u, . . . constructed by means
of variables a, b, . . ., operators +, · and constants 0 and 1. We denote
the countable set of arithmetic variables by PW, the set of arithmetic ex-
pressions by W, the 2-element field with standard operations +2 and ·2 by
F2 = ({0, 1},+2, ·2) and by w : W → {0, 1} – an arithmetic valuation such
that

• w(t1 + t2) = 1 iff w(t1) +2 w(t2) = 1,
• w(t1 · t2) = 1 iff w(t1) ·2 w(t2) = 1.
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We consider propositional formulae α, β, . . . constructed by means of
propositional variables p, q, . . ., propositional operators ⊕, ∧ and propo-
sitional constants F, T. We denote the set of propositional variables by F ,
by B – a Boolean Algebra and by v : F → {0,1} – a boolean valuation.

The paper is organized as follows. In the second section we introduce
a new translation of any arithmetic term into a propositional formula and
we define consistency of arithmetic and boolean valuations. In the third
section we present how any arithmetic term can be translated into a propo-
sitional formula in the CNF form over its traditional form. The last section
completes the paper with some conclusions.

2. Consistent valuations

Let fF :W→F be a function which translates any arithmetic term into
a propositional formula such that:

fF (t) =


pi, dla t = ai ∈ PW i i ∈ N,

fF (t1)⊕ fF (t2), dla t = t1 + t2,

fF (t1) ∧ fF (t2), dla t = t1 · t2.
(1)

In this natural translation the arithmetic variables are translated into the
propositional variables, the constant 1 is translated into a propositional
variable, the constant 0is translated into a negated propositional variable
and, finally, the arithmetic operators + and · are translated into the propo-
sitional disjunction ⊕ and conjunction ∧, respectively. Notice that the
function fF is a well defined bijection due to commutative, associative and
distributive properties of the set of arithmetic expressions and the set of
propositional formulae, respectively. Moreover, the length of the output
propositional formula is equal to the length of an input arithmetic expres-
sion t and the number of propositional variables of fF (t) is equal to the
number of arithmetic variables of t.

Example 1. We transform the arithmetic term t = a1 · a3 + a2 to the
propositional formula α = p1 ∧ p3 ⊕ p2 by applying the function fF and
make the truth table.
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a1 a2 a3 a1 · a3 t α p1 ∧ p3 p1 p2 p3
1 1 1 1 0 0 1 1 1 1
1 1 0 0 1 1 0 1 1 0
1 0 1 1 1 1 1 1 0 1
1 0 0 0 0 0 0 1 0 0
0 1 1 0 1 1 0 0 1 1
0 1 0 0 1 1 0 0 1 0
0 0 1 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0

Definition 1 (Consistency of valuations). We say that an arithmetic val-
uation w and a boolean valuation v are consistent iff ∀a∈PW(w(a) = 1 ⇔
fF (a) = 1).

An arithmetic valuation w and a boolean valuation v are inconsistent iff
w and v are not consistent.

Lemma 1. An arithmetic valuation w and a boolean valuation v are con-
sistent iff

∀t∈W(w(t) = 1⇔ v(fF (t)) = 1).
Proof. Let len(t) denote the length of an arithmetic term t ∈ W (i.e. the
number of operators in t). The proof proceeds by the induction over the
length of t.

A. For len(t) = 0, lemma is valid by definition 1.
B. Induction hypothesis: lemma is valid for len(t) = n− 1.
C. We show that for len(t) = n lemma is valid.

w(t) = 1⇔ w(t1+t2) = 1⇔ w(t1) = 1 or w(t2) = 1⇔ by induction
hypothesis v(fF (t1)) = 1 or v(fF (t2)) = 1 ⇔ v(fF (t1)⊕ fF (t2)) =
1⇔ v(fF (t)) = 1

w(t) = 1 ⇔ w(t1 · t2) = 1 ⇔ w(t1) = 1 and w(t2) = 1 ⇔ by in-
duction hypothesis v(fF (t1)) = 1 and v(fF (t2)) = 1 ⇔ v(fF (t1) ∧
fF (t2)) = 1⇔ v(fF (t)) = 1

The arithmetic valuation w and boolean valuation v are consistent by defi-
nition 1 for t = a ∈ PW. Hence the valuations v and w are consistent for t
which is built with arithmetic variables. Finally, w and v are consistent for
all subexpressions of t. �

3. Convertion to CNF formula

In this section we show how any arithmetic expression can be converted to
a CNF formula. A standard translation produces the output propositional
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formula in the traditional form and then this formula is converted into the
CNF form by applying well known algorithm. In our translation we omit
the traditional form of a propositional formula by direct encoding arithmetic
operations by correspondent logical connectives.

Let t ∈ W, fF :W→F (see 1). The function toCNF () produces the CNF
formula of a polynomial length relative to the length of t. Let PV(fF (t)) be
the set of propositional variables occuring in formula fF (t). The function
toCNF () expands the set of propositional variables by new, other propo-
sitional variables from the set PVC(fF (t)) ⊆ PV of labels of subformulas
fF (t). It means, that a literal lt′ ∈PVC(fF (t)) represents a subformula
fF (t

′) of the propositional formula fF (t), which codes subexpression t′ of
expression t. In order to standarize notation if p ∈PV(fF (t)) we denote
propositional variable p by lp, but we don’t introduce a new literal.

We define the function f : W → 2C which transforms any arithmetic
expresion into the set of clauses as follows:

f(t) =


T, for t = a,

(lt1 ∨ ¬lt) ∧ (lt2 ∨ ¬lt) ∧ (¬lt1 ∨ ¬lt2 ∨ lt), for t = t1 · t2,
(lt1 ∨ lt2 ∨ ¬lt) ∧ (¬lt1 ∨ lt2 ∨ lt)∧
(lt1 ∨ ¬lt2 ∨ lt) ∧ (¬lt1 ∨ ¬lt2 ∨ ¬lt), for t = t1 + t2.

(2)

If t is an arithmetic variable, the function f produces the formula T in the
conjunctive normal form. It is a tautology and represents the empty clause
set ∅.

Now, by applying f we define a function toCNF : W → 2C by:

toCNF (t) =


T, for t ∈ PW,

toCNF (t1) ∧ toCNF (t2) ∧ f(t), for t = t1 ♦ t2 i
♦ ∈ {+, ·}.

(3)

By length of a propositional formula toCNF (t) in the clause form, which
will be denoted by dl, we mean the cardinality of its set of clauses.

Lemma 2. The output of the transformation toCNF () is of the polynomial
length relative to the length of the input arithmetic term t.

Proof. The proof proceeds by the induction on length of an input arithmetic
term t. Below we present the proof for t built with +. If t is constructed
with ·, the reasoning is analogous.

1. If len(t0) = 0, then t0 = a and dl(toCNF (t0)) = 0.
2. If len(t1) = 1, then t1 = a1 + a2 and

dl(toCNF (t1)) = dl(toCNF (a1))+dl(toCNF (a2))+4 = 0+0+4 =
4 · 1 = 4 · len(t).
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3. If len(tn) = n, then t = tn−1 + an+1 and

dl(toCNF (t)) = dl(toCNF (tn−1)) + 0 + 4 =

= (dl(toCNF (tn−2) + 0 + 4) + 4 = . . . =

= (((dl(toCNF (t0)) + 0 + 4) + 4) + . . .+ 4)︸ ︷︷ ︸
n−1

+4 =

= (4 + 4 + . . .+ 4)︸ ︷︷ ︸
n−1

+4 = 4 · (n − 1) + 4 = 4 · n =

4 · len(tn)
If t is built with ·, then by analogous calculation we get

dl(toCNF (t)) = 3 · len(t).
Generally, for any arithmetic expression t,

dl(toCNF (t)) 6 4 · len(t). �

Example 2.
1. If t = a ∈ PW then toCNF (t) = T
2. Let t = a1 · a4︸ ︷︷ ︸

t1

+ a2 · a3︸ ︷︷ ︸
t2

. Then

toCNF (t) = toCNF (t1) ∧ toCNF (t2) ∧ f(t) =

= toCNF (a1) ∧ toCNF (a4) ∧ f(t1) ∧
∧ toCNF (a2) ∧ toCNF (a3) ∧ f(t2) ∧ (lt1 ∨ lt2 ∨¬lt)∧
∧ (¬lt1 ∨ lt2 ∨ lt) ∧ (lt1 ∨ ¬lt2 ∨ lt) ∧ (¬lt1 ∨ ¬lt2 ∨ ¬lt) =
= T∧T∧(la1∨¬lt1)∧(la4∨¬lt1)∧(¬la1∨¬la4∨lt1)∧T∧T∧
∧ (la2∨¬lt2)∧(la3∨¬lt2) ∧(¬la2∨¬la3∨lt2)∧(lt1∨lt2∨¬lt)∧
∧ (¬lt1 ∨ lt2 ∨ lt) ∧ (lt1 ∨ ¬lt2 ∨ lt) ∧ (¬lt1 ∨ ¬lt2 ∨ ¬lt)

Finally:

{(la1 ,¬lt1), (la4 ,¬lt1), (¬la1 ,¬la4 , lt1), (la2 ,¬lt2), (la3 ,¬lt2),
(¬la2 ,¬la3 , lt2), (¬la2 ,¬la3 , lt2), (lt1 , lt2 ,¬lt), (¬lt1 , lt2 , lt),
(lt1 ,¬lt2 , lt), (¬lt1 ,¬lt2 ,¬lt)}

For any arithmetic term t the transformation toCNF () outputs at most
4-clausal set of at most 3-literals. Hence, the output propositional formula
is of polynomial length relative to the length of t. Moreover, all literals
corresponding to respective subexpressions have the logical value consistent
with arithmetic value of subexpressions.
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Definition 1. For any arithmetic term t ∈ W, we say that boolean val-
uation v and arithmetic valuation w are t-consistent with iff w(t′) = 1 ⇔
v(lt′) = 1, for each subexpression t′ of the expression t.

Lemma 3. Let t ∈ W and w be any arithmetic valuation. For each boolean
valuation v, v(toCNF (t))=1 iff v and w are t-consistent.

Proof. The proof proceeds by the induction on the stucture of the arithmetic
term t.

⇒ Assume that v(toCNF (t))=1. We show that v and w are t-consistent.
A. For t = a ∈ PW, toCNF (t) = T. Hence, v(toCNF (t)) = 1 for

any boolean valuation v. Since lt is the only standarized notation
of a propositional variable pt = fF (t), v and w are t-consistent by
definition 1.

B. For t= t1·t2. Assume that v(toCNF (t1 · t2)) = 1 and we show that
v and w are (t1 ·t2)-consistent w.
Since toCNF (t1 · t2) = toCNF (t1) ∧ toCNF (t2) ∧ (lt1 ∨ ¬lt)∧
∧(lt2 ∨ ¬lt) ∧ (¬lt1 ∨ ¬lt2 ∨ lt), then v(toCNF (t1)) = 1 (by induc-
tion hypothesis v and w are t1-consistent), v(toCNF (t2)) = 1 (by
induction hypothesis v and w are t2-consistent) and all clauses are
true.

1. If w(t1) = 0 and w(t2) = 0, then w(t) = 0, v(lt1) = 0 and
v(lt2)=0. Therefore v(¬lt1 ∨ ¬lt2 ∨ lt)=1. Since v(lt1 ∨ ¬lt)=1 i
v(lt2 ∨ ¬lt)=1 then v(¬lt)=1. Hence v(lt)=0.
2. Assume that w(t1)=1 and w(t2)=0. Hence w(t)=0, v(lt1)=1

i v(lt2) = 0 and v(¬lt1 ∨ ¬lt2 ∨ lt) = 1 and v(lt1 ∨ ¬lt) = 1. Since
v(lt2 ∨ ¬lt)=1 then v(¬lt)=1. Hence v(lt)=0.
3. Assume that w(t1)=0 and w(t2)=1. Hence w(t)=0, v(lt1) =

0 and v(lt2) = 1 and v(¬lt1 ∨ ¬lt2 ∨ lt) = 1 and v(lt2 ∨ ¬lt) = 1.
Since v(lt1 ∨ ¬lt) = 1 then v(¬lt) = 1. Hence v(lt) = 0.
4. Suppose that w(t1) = 1 and w(t2) = 1. Hence v(lt1) = 1

and v(lt2) = 1 and v(lt1 ∨ ¬lt) = 1 and v(lt2 ∨ ¬lt) = 1. Since
v(¬lt1 ∨ ¬lt2 ∨ lt)=1 then v(lt)=1.

So we have shown that v and w are (t1 · t2)-consistent.

C. Let t= t1+t2. Assume that v(toCNF (t1+ t2))=1 and we will show
that v and w are (t1+t2)-consistent.
Since toCNF (t1+t2)= toCNF (t1) ∧ toCNF (t2) ∧ (lt1 ∨ lt2 ∨ ¬lt) ∧
(¬lt1 ∨ lt2 ∨ lt)∧ (lt1 ∨¬lt2 ∨ lt)∧ (¬lt1 ∨¬lt2 ∨¬lt) then by induction
hypothesis v(toCNF (t1))=1 (by induction hypothesis v and w are
t1-consistent), v(toCNF (t2))=1 (by induction hypothesis v and w
are t2-consistent) and all clauses are true for v.
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1 Assume that w(t1)=0 and w(t2)=0. Hence w(t)=0, v(lt1)=0,
because v and w are t1-consistent, and v(lt2)=0, because v and w
are t2-consistent and v(¬lt1 ∨ lt2 ∨ lt) = 1, v(lt1 ∨ ¬lt2 ∨ lt) = 1 and
v(¬lt1 ∨¬lt2 ∨¬lt) = 1. Since v(lt1 ∨ lt2 ∨¬lt) = 1 then v(¬lt) = 1.
Hence v(lt) = 0.
2 Assume that w(t1)=1 and w(t2)=0. Hence w(t)=1, v(lt1)=1,

because v and w are t1-consistent, and v(lt2)=0, because v and w
are t2-consistent and v(lt1 ∨ lt2 ∨ ¬lt) = 1, v(lt1 ∨ ¬lt2 ∨ lt) = 1 and
v(¬lt1 ∨ ¬lt2 ∨ ¬lt) = 1. Since v(¬lt1 ∨ lt2 ∨ lt) = 1 then v(lt) = 1.
3 Assume that w(t1) = 0 and w(t2) = 1. Hence w(t)=1, v(lt1) =

0, because v w are t1-consistent, v(lt2) = 1, because v and w are
t2-consistent, and v(lt1 ∨ lt2 ∨ ¬lt) = 1, v(¬lt1 ∨ lt2 ∨ lt) = 1 and
v(¬lt1 ∨ ¬lt2 ∨ ¬lt) = 1. Since v(lt1 ∨ ¬lt2 ∨ lt) = 1 then v(lt) = 1.
4 Assume that w(t1) = 1 and w(t2) = 1. Hence v(lt1) = 1, be-

cause v is t1-consistent and v(lt2) = 1, because v is t2-consistent and
v(lt1 ∨ lt2 ∨ ¬lt) = 1, v(¬lt1 ∨ lt2 ∨ lt) = 1 and v(lt1 ∨ ¬lt2 ∨ lt) = 1
Since v(¬lt1 ∨ ¬lt2 ∨ ¬lt) = 1 then v(¬lt) = 1. Hence v(lt) = 0.

So we have shown that v and w are (t1 + t2)-consistent.

(⇐) Assume that v and w are t-consistent and we are going to show that
v(toCNF (t)) = 1.

A. If t is propositional variable, then boolean valuation v and the arith-
metic valuation w are t-consistent and toCNF (t) = T. Therefore
v(toCNF (t)) = 1 for any boolean valuation v.

B. Let t = t1 · t2. Assume that v and w are (t1 · t2)-consistent and we
show that v(toCNF (t1 · t2)) = 1.

Since toCNF (t1 · t2) = toCNF (t1) ∧ toCNF (t2) ∧ (lt1 ∨ ¬lt)∧
∧(lt2 ∨ ¬lt) ∧ (¬lt1 ∨ ¬lt2 ∨ lt) then, by induction hypothesis, v and
w are t1-consistent and t2-consistents. Hence v(toCNF (t1)) = 1
and v(toCNF (t2)) = 1. Now, we have to show that all clauses are
true for the boolean valuation v. By assumption that v and w are
(t1 · t2)-consistent, we have that w(t) is consistent with v(lt).
1. Let w(t) = 0. Hence v(lt) = 0 and clauses (lt1 ∨ ¬lt) and

(lt2 ∨ ¬lt) are true for the boolean valuation v. Now, we are going
to determine the value of the clause (¬lt1 ∨ ¬lt2 ∨ lt) for v. Since
v(lt) = 0, then the value of disjunction depends on its summands
and is equivalent to its disjunction. Hence, by w(t1) = 0 or w(t2) =
0 (w(t1 · t2) = 0) it follows v(lt1) = 0 or v(lt2) = 0 and v(¬lt1 ∨
¬lt2 ∨ lt) = 1. Finally, v(toCNF (t1 · t2)) = 1.
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2. Assume that w(t) = 1. Then v(lt) = 1 and the clause (¬lt1 ∨
¬t2 ∨ Lt) is true for the boolean valuation v. Since w(t1) = 1 and
w(t2) = 1 and v(lt1) = 1 and v(lt2) = 1, then clauses (lt1 ∨ ¬lt)
and (lt2 ∨ ¬lt) are also true by assumption w(t1 · t2) = 1. Finally,
v(toCNF (t1 · t2)) = 1.

We have shown that since v and w are (t1 · t2)-consistent, then
v(toCNF (t1 · t2)) = 1.

C. Let t = t1 + t2. Assume that v and w are (t1 + t2)-consistent. We
show that v(toCNF (t1 + t2) = 1.
Since toCNF (t1+ t2) = toCNF (t1)∧ toCNF (t2)∧ (lt1 ∨ lt2 ∨¬lt)∧
(¬lt1∨ lt2∨ lt)∧(lt1∨¬lt2∨ lt)∧(¬lt1∨¬lt2∨¬lt) hence, by induction
hypothesis, if v and w are t1-consistent, then v(toCNF (t1)) = 1 and
if v and w are t2-consistent, then v(toCNF (t2)) = 1. We have to
show that all clauses are true for v. By assumption, if v and w are
(t1 + t2)-consistent then w(t) is consistent with v(lt).
1. Let w(t1 + t2) = 0. Then v(lt) = 0 and clauses (lt1 ∨ lt2 ∨¬lt)

and (¬lt1 ∨ ¬lt2 ∨ ¬lt) are true for v. Now we determine value of
(¬lt1∨lt2∨lt) and (lt1∨¬lt2∨lt) for v. Since v(lt) = 0, value of cluses
depends on its summands and is equivalent to its disjunction. Since
w(t1) = 0 and w(t2) = 0 or w(t1) = 1 and w(t2) = 1 then v(lt1) = 0
and v(lt2) = 0 or v(lt1) = 1 and v(lt2) = 1. Hence v(¬lt1 ∨ lt2 ∨ lt) =
1 and v(lt1 ∨ ¬lt2 ∨ lt) = 1. Finally v(toCNF (t1 + t2)) = 1.
2. Assume that w(t1+ t2) = 1. Then v(lt) = 1 and (¬lt1 ∨ lt2 ∨ lt)

and (lt1 ∨ ¬lt2 ∨ lt) are true for v. Since w(t1 + t2) = 1, then
w(t1) = 1 and w(t2) = 0 or w(t1) = 0 and w(t2) = 1 and v(lt1) = 1
and v(lt2) = 0 or v(lt1) = 0 and v(lt2) = 1 because v and w are
(t1 + t2)-consistent. Hence (lt1 ∨ lt2 ∨¬lt) and (¬lt1 ∨¬lt2 ∨¬lt) are
true for v. Finally, v(toCNF (t1+t2))=1.

By assumption that v and w are (α1⊕α2)-consistent, v(toCNF (α1⊕
α2))=1.

. �

Theorem 1. Let t ∈ W be any arithmetic expression. For every boolean
valuation v and for every arithmetic valuation w if v and w are t−consistent,
then w(t) = 1 iff v(toCNF (t) ∧ lt) = 1.

Proof. Since for every arithmetic term t ∈ W there exists a boolean valu-
ation v which is t-consistent (by definition 1) with w, therefore, by lemma
3, toCNF (t) is satisfiable. If w(t) = 1 and v and w are t-consistent, then
v(lt) = 1 and v(toCNF (t) ∧ lt) = 1. If w(t) = 0, then lt is false for any
boolean valuation t-consistent with w. Otherwise toCNF (t) is false if v
and w are not t-consistent, hence v(toCNF (t) ∧ lt) = 0. �
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4. Conclusions

The translation of an arithmetic expession to a propositional formula can
be executed with skipping out its traditional form. The solution presented
above increases memory and time efficiency of the algorithm of automatic
translation. It is very important for an automatic search of solutions of
some algebraic problems as it was shown in [3], [4], [5] and [6].
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SOME REMARKS OF DIFFERENT AGGREGATION
MODES APPLICATIONS WITHIN THE FRAMEWORK OF

INTUITIONISTIC FUZZY WEIGHTS

ANNA TIKHONENKO-KĘDZIAK AND MIROSŁAW KURKOWSKI

Abstract

In the classical intuitionistic fuzzy sets theory it is known, that the use of all aggrega-
tion modes is not always possible, because of the lack of definition of raising intuitionistic
fuzzy values to the intuitionistic fuzzy power. The main aim of this work is to introd-
uct an operation of raising of intuitionistic fuzzy values to an intuitionistic fuzzy power,
which does not require conversion to intuitionistic fuzzy values. Additionally, we will
present a heuristic method of raising an intuitionistic fuzzy values to the intuitionistic
fuzzy power and consideration about its properties.

1. Introduction

In the classical intuitionistic fuzzy sets theory it is well known that differ-
ent variants of the aggregation of local criteria give rise to different results.
It follows from the fact, that the validity of the stage of formulation of a
global criterion as an aggregation of the local criteria is dominant. It is ob-
vious that the evaluation of validity of the criteria is not essential in some
optimization processes and sometimes all local criteria have the same valid-
ity (weight) for decision-makers. In addition, the definition of weights by
using of real numbers sometimes is not possible. So, in some cases using the
transformation of verbal terms to interval or fuzzy values applied to various
types of aggregation modes is more accurate. There are many aggregation
modes using for decision making. They can be described not only by real
numbers [1, 2, 3, 4, 5, 6, 10, 11, 12, 13, 14, 15].
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Intuitionistic fuzzy sets proposed by Atanasov in [3] are one of the most
popular generalizations of the fuzzy sets theory. It is used primarily for
resolving of Multiple Criteria Decision Making (MCDM) [9, 25, 26, 27, 28,
29, 30] and group MCDM [5, 6, 32, 33, 35, 36, 37, 38] problems in the
cases, when value of the local criteria of alternatives and/or their weight
are intuitionistic fuzzy values.

Some problems with intuitionistic fuzzy uncertainty in framework of
MCDM are based on disadvantages of classical operations defined on in-
tuitionistic fuzzy values. In [7] some limitations of conventional operations
on fuzzy values were discussed. The proper critical examples can be found
in [19].

In the paper [8] an approach, based on intuitionistic fuzzy matrix and
relations between elements of this matrix, which are the intuitionistic fuzzy
sets, was proposed. It was proved in [19], that the method of comparing
intuitionistic fuzzy numbers proposed in [8] does not always lead to correct
results.

The next problem with the classical intuitionistic fuzzy sets theory is
the lack of the definition of raising an intuitionistic fuzzy values to the
intuitionistic fuzzy power. It is worth noticing that the lack of this definition
strongly reduces the number of aggregation modes that we can apply in
MCDM problems under condition of intuitionistic fuzzy uncertainty.

It was proved in the paper [19], that the use of Dempster-Shafer theory
based on conversion of intuitionistic fuzzy values to belief intervals allows
to get more reliable results and simplifies the calculations in the solution of
MCDM problem. But for cases when using of the conversion of intuitionistic
fuzzy values is not advisable, we propose an heuristic method of raising an
intuitionistic fuzzy values to intuitionistic fuzzy power.

The rest of the paper is set up as follows. In Section 2, we show basic
definitions of classical intuitionistic fuzzy sets theory. Section 3 is devoted
to an extension of intuitionistic fuzzy set theory in framework of Dempster-
Shafer theory. In Section 4, we show an operation on intuitionistic fuzzy
sets in framework of Dempster-Shafer theory and introduce new operators
of raising an intuitionistic fuzzy values to the intuitionistic fuzzy power, and
Intuitionistic Fuzzy Weighted Geometric operator with weights is presented
by intuitionistic fuzzy values. In section 5, we proved some properties of
exponentiation operation realized by transformation to belief intervals and
heuristic IFV method.

2. Basic definitions

Intuitionistic fuzzy sets theory proposed by Atanasov [3] is one of the
most popular generalizations of the fuzzy sets. It is used primarily for
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resolving MCDM problems [9, 25, 26, 27, 28, 29, 30] and group MCDM
[5, 6, 32, 33, 35, 36, 37, 38] in the cases, when value of the local criteria of
alternatives and/or their weight are intuitionistic fuzzy values.

The definition of intuitionistic fuzzy set is based on consideration of
membership function µ and non-membership function v of element x to
a set X, where 0 ≤ µ(x) + v(x) ≤ 1. Then we can construct a set
{〈x, µ(x), v(x)〉 : x ∈ X}, where 0 ≤ µ(x) + v(x) ≤ 1. For constant x ∈ X,
a pair 〈µ(x), v(x)〉 is called intuitionistic fuzzy value (IFV) or intuitionistic
fuzzy number. In the next consideration IFV will be described shortly as
〈µ, v〉 because for the fixed set X these two functions determine all such
values for all x ∈ X.

In [40] and [41] some aggregation operators based on the synthesis of
intuitionistic fuzzy sets and Dempster-Shafer Theory (DST) were presented.
It is easy to see that operators based on the Choquet integral [41] are useful
in situations, where the aggregate weight of the assessments have some
correlation with each other.

In the paper [18] the strong link between intuitionistic fuzzy sets and
DST was shown. This link allows the direct application of a Dempster’s
rule of combination in MCDM problems to aggregate local criteria with
intuitionistic fuzzy values. The link between IFS and DST was also revealed
in [23, 24].

In [3] Atanasov gives the following definition of the intuitionistic fuzzy
set:
Definition 1. Let X = {x1, x2, . . . , xn} be a finite universal set. A set

A is called intuitionistic fuzzy set (IFS) over the set X if A has the
following form: A = {〈xj , µA(xj), vA(xj)〉 : xj ∈ X} , where functions
µA : X → [0, 1] and vA : X → [0, 1] determines the degree of membership
and non-membership of the element xj ∈ X, and, for each xj ∈ X, the
inequality 0 ≤ µA(xj) + vA(xj) ≤ 1 holds.

A parameter πA(x) = 1−(µA(x)+vA(x)) is called an intuitionistic index
(or the hesitation degree) of the element x ∈ X [3]. Of course, for each
xj ∈ X, we have 0 ≤ πA(x) ≤ 1.

An intuitionistic set is the generalization of ordinary fuzzy one, so all
of the typical results from the classical fuzzy set theory may be convert in
framework of the intuitionistic fuzzy sets theory (IFST). Additionally all
researches based on ordinary fuzzy sets can be described by IFS’s. On the
other hand, IFST contains not only operations compatible on fuzzy sets, but
also such operations, that cannot be defined in framework of the ordinary
fuzzy set theory [20].

The operations of addition ⊕ and multiplication ⊗ on IFV are defined
shortly by Atanasov [4] as follows:
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Let A = 〈µA, vA〉 and B = 〈µB, vB〉 be IFV’s. Then we have:
(1) A⊕B = 〈µA + µB − µAµB, vAvB〉,
(2) A⊗B = 〈µAµB, vA + vB − vAvB〉.
These operators were constructed in such a way, that the result of its

using is IFV too. It is easy to prove that 0 ≤ µA + µB − µAµB ≤ 1 and
0 ≤ vA + vB − vAvB ≤ 1 .

Based on operations (1) and (2) the following expressions were received
in [16] for each integer n = 1, 2, .... We have:
nA = A⊕A⊕ . . .⊕A︸ ︷︷ ︸

n − times

= 〈1− (1− µA)n, vnA〉 and

An = A⊗A⊗ . . .⊗A︸ ︷︷ ︸
n − times

= 〈µnA, 1− (1− vA)n〉.

It was shown that these operations can be used not only for integer values,
but also for the real values λ, λ1, λ2 > 0, i.e.:

(3) λA = 〈1− (1− µA)λ, vλA〉, and (4) Aλ = 〈µλA, 1− (1− vA)λ〉.
The operations (1)-(4) have the following algebraic properties (see [39]).
Let A = 〈µA, vA〉 and B = 〈µB, vB〉 be IFV’s. Then:
(5) A⊕B = B ⊕A, (6) A⊗B = B ⊗A
(7) λ(A⊕B) = λA⊕ λB, (8) (A⊗B)λ = Aλ ⊗Bλ

(9) λ1A⊕ λ2A = (λ1 + λ2)A, (10) Aλ1 ⊗Aλ2 = Aλ1+λ2 .
Operations (1)-(4) are used for the aggregation of local criteria in the case

of solving the MCDM problems in terms of fuzzy intuitionistic uncertainty.
Let A1, A2, . . . , An be an IFV’s of local criteria and w1, w2, . . . , wn,

(
∑n

i=1wi = 1) be a weights of this criteria. Then the Intuitionistic Weighted
Arithmetic Mean (IWAM) may be specify by using the operation (1) and
(3) as follows [18]:

(11) IWAM = w1A1 ⊕ . . .⊕ wnAn = 〈1−Πn
i=1(1− µAi)

wi ,Πn
i=1v

wi
Ai
〉.

The aggregation operator (11) gets the result in the IFV form and it
is idempotent. This aggregation operator is the most popular operator
for solving MCDM problems under conditions of intuitionistic fuzzy uncer-
tainty. It is also worth noticing that there are no problems with the idem-
potent Intuitionistic Fuzzy Weighted Geometric operator (IFWG), which
can be obtained directly from (2) and (4):

(12) IFWG = Aw1
1 ⊗ . . .⊗Awn

n = 〈Πn
i=1µ

wi
Ai
, 1−Πn

i=1(1− vAi)
wi〉.

3. An extension of intuitionistic fuzzy set theory in
framework of DST

In the paper [18] the close link between intuitionistic fuzzy sets and DST
was demonstrated. This link allows the direct application of Dempster’s
rule of combination in MCDM problems to aggregate local criteria with
intuitionistic fuzzy values.
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In the paper [18] the possibility of transformation of intuitionistic fuzzy
values to Belief Intervals (BI), based on the extension of intuitionistic fuzzy
sets theory in the context of DST, was shown as well. This fact allows to
present mathematical operations on the IFVs as operations on BI.

Let A be an intuitionistic set over the set X. The set A is treat like a
question or proposition, and X is a proposition set, or a set of hypothesis,
which exclude each other, or a set of answers [41]. The structure of DST
is linked to mapping m, which is called the basic assignment function from
subset of X on interval m : 2X → [0, 1] such that m(∅) = 0,

∑
A = 1.

Subsets of X, for which this mapping does not assume zero, are called focal
elements.

In [34] Shafer introduced several new measures. The belief measure is a
mapping Bel : 2X → [0, 1] such that for any subset B from X occurring the
expression [18]:

(13) Bel(B) =
∑n

i=1m(Ai), ∅ 6= Ai ⊆ B, i = 1, . . . , n.
The next measure proposed by Shafer is a measure of plausibility, which

is a mapping Pl : 2X → [0, 1] such that for any subset B fromX the relation
(14) Pl(B) =

∑n
i=1m(Ai), Ai ∩B 6= ∅, i = 1, . . . , n

holds [18].
It is easy to see that Bel(B) ≤ Pl(B). A DST allows to show a clear

measure of ignorance about the opportunity B and its completion B as
the length of the interval [Bel(B), P l(B)] . This interval, called belief in-
terval (BI), can be also interpreted as the inaccuracy of the probability of
opportunity B [18].

In [25], Hong and Choi proposed an interval representation
[µA(xj), 1 − vA(xj)] of IFS A on X instead of a pair 〈µA(xj), vA(xj)〉 in
framework of MCDM problems.

The first obvious advantage of this approach is that the expression
[µA(xj), 1 − vA(xj)] represents the real interval with its right bound be-
ing not less than left one (due to the rule 0 ≤ µA(xj) + vA(xj) ≤ 1).
Moreover the second advantage is the consideration of the basic definition
of intuitionistic fuzzy sets theory in terms of the DST.

The following definition was proposed in [18].
Definition 2. Let X = {x1, x2, . . . , xn} be an universal finite set and

xj be an element from X represented by functions µA(xj), vA(xj) repre-
senting the membership and non-membership of the element xj ∈ X with
conditions mentioned in Definition 1. Intuitionistic fuzzy set A over X is
an object of the following form: A = {〈xj , BIA(xj) : xj ∈ X} , where
BIA(xj) = [BelA(xj), P lA(xj)] is a belief interval, and BelA(xj) = µA(xj),
and PlA(xj) = 1−vA(xj) are the belief and plausibility functions of xj ∈ X
belonging to a set A over X.
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At the first glance, the Definition 1 represents a simple re-definition of
IFS as an interval fuzzy set. However the semantic of DST allows to in-
crease the reliability of the calculations, when we deal with operations on
the IFVs and MCDM problems. In particular, such approach allows aggre-
gation of the local criteria represented by IFVs and development of MCDM
method without defuzzification, while the local criteria and their weights
are represented by IFVs. As a result, we get a final assessment in the form
of belief interval [18].

4. Operations on IFVs in framework of DST

The paper [19] suggests two approaches to formulate the operation on be-
lief intervals. The first one is based on a probability interpretation of belief
intervals, while the second one is based on non-probability interpretation.
It was proved in [19] that the operations based on the non-probability in-
terpretation of belief intervals have much better algebraic properties than
operations based on the probability approach. It is important to point out
that both these approaches generate arithmetic operators, which have much
better properties than arithmetic operations within the framework of the
classical intuitionistic fuzzy sets theory. Therefore, we will use only op-
erations defined in [19] based on non-probability interpretation on belief
intervals.

Let A = 〈µA, vA〉 and B = 〈µB, vB〉 be the IFVs represented by be-
lief intervals BI(A) = [Bel(A), P l(A)], BI(B) = [Bel(B), P l(B)], where
Bel(A) = µA, Pl(A) = 1 − v(A), and Bel(B) = µB, Pl(B) = 1 − v(B)
respectively. In this case, Bel(A) and Pl(A) are measures of belief and
plausibility, such as element xj ∈ X belongs to a set A over the set X. The
belief interval BI(A) = [Bel(A), P l(A)] can be treated as an interval be-
longing to a true power of ascertainment (argument, proposition, hypothesis
etc.).

In [19] the additional and multiplication operators on belief intervals are
shown. It is possible, when we define additional operator ⊕BNP of belief
intervals as follows:
BI(A)⊕BNP BI(B) = [Bel(A)+Bel(B)

2 , Pl(A)+Pl(B)
2 ].

So, if we have n different ascertainments represented by belief intervals
BI(Ai), then their sum can be defined as follows:
BI(A1)⊕BNP . . .⊕BNP BI(An)︸ ︷︷ ︸

n−times

= [ 1n
∑n

i=1Bel(Ai),
1
n

∑n
i=1 Pl(Ai)].

The multiplication operation of belief intervals we can define as follows
[19]:

(15) BI(A)⊗BNP BI(B) = [Bel(A)Bel(B), P l(A)Pl(B)].
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It is easy to see, that this operator is the same multiplication one in
conventional interval arithmetic [31]. The scalar multiplication is defined
in [19] as follows:

(16) λBI(A) = [λBel(A), λP l(A)],
where λ ∈ [0, 1] (for λ > 1 this operator does not always lead to the

real belief intervals). This restriction is justified by the fact that we can
define operations on belief intervals for MCDM problems, where λ usually
represents the weight of local criteria, which are smaller than one.

The exponentiation operation is defined in [19] as follows:
(17) (BI(A))λ = [(Bel(A))λ, (Pl(A))λ].
and it leads to a real belief interval for all λ ≥ 0.
Using the conventional rules of interval arithmetic [33], we obtain

BI(A)BI(B) = [α, β], where:
α = min{Bel(A)Bel(B), Bel(A)Pl(B), P l(A)Bel(B), P l(A)Pl(B)}, and
β = max{Bel(A)Bel(B), Bel(A)Pl(B), P l(A)Bel(B), P l(A)Pl(B)}.
Taking into account the properties of the belief intervals, we can lead

these expression to a following form [19]
(18) BI(A)BI(B) = [Bel(A)Pl(B), P l(A)Bel(B)].
The operators certain in that way, having good algebraic properties (the

same as in the case of the conventional theory of IFSs, see (5) -(10)). It can
be directly inferred from expressions (14)-(17):
BI(A)⊕BI(B) = BI(B)⊕BI(A), BI(A)⊗BI(B) = BI(B)⊗BI(A),
(BI(A)⊗BNP BI(B))λ = BI(A)λ ⊗BNP BI(B)λ,
BI(A)λ1 ⊗BNP BI(A)λ2 = (BI(A))λ1+λ2 ,
λBI(A)⊕BNP λBI(B) = λ(BI(A)⊕BNP BI(B)),
λ1BI(A)⊕BNP λ2BI(A) = (λ1 + λ2)(BI(A)⊕BNP BI(A)).

Using expressions (14) and (16) we get following Intuitionistic Weighted
Arithmetic Mean (IWAM):

(19) IWAMDSTNP (A1, . . . , An) = [ 1n
∑n

i=1wiBelAi ,
1
n

∑n
i=1wiPlAi ]

Observe, that this operator is not idempotent [19]. However, a small
modification of (19) (multiplication by n) allows to obtain an idempotent
operator:

(20) IWAMIDSTNP (A1, . . . , An) = [
∑n

i=1wiBelAi ,
∑n

i=1wiPlAi ]
The Intuitionistic Fuzzy Weighted Geometric operator (IFWGDSTP ) ob-

tained directly from (12) and (17) has the form [19]:
(21) IFWGDSTP (A1, . . . , An) = [Πn

i=1Bel
wi
Ai
,Πn

i=1Pl
wi
Ai

]

It is easy to see that the operator (21) is idempotent.
The Intuitionistic Fuzzy Weighted Geometric operator with weights

(IFWGBDSTP ) presented by belief intervals BI = [Beli, P li], i = 1, . . . , n,
obtained directly from (15) and (17) has the following form [19]:

(22) IFWGBDSTP (A1, . . . , An) = [Πn
i=1Bel

Pli
Ai
,Πn

i=1Pl
Beli
Ai

]
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It was shown in [19] that the result obtained by means of this operator
has the form of belief intervals. This operator is not idempotent. Of course,
the idempotence of the operator (21) is guaranteed by the normalization of
weight value in the form of the real numbers, or

∑n
i=1wi = 1. Given that

in (22) weights are have a belief interval’s form BIi = [Beli, P li] we have a
problem with their normalization [19].

Using the proposed approach (15) and (20), we get IWAM in the case
when the local criteria and their weights are IFVs.

Let BIi = [Beli, P li], i = 1, . . . , n, be belief intervals corresponding to the
intuitionistic fuzzy weights of the local criteria Ai, i = 1, . . . , n presented by
belief intervals BI(Ai) = [BelAi , P lAi ], i = 1, . . . , n.

Then, from (15) and (19) we get [19]
(23) IWAMBDSTNP (A1, . . . , An) = [ 1n

∑n
i=1BeliBelAi ,

1
n

∑n
i=1 PliPlAi ]

The simple modification of foregoing operator (multiplying by n) allows
to obtain a more handy operator [19]:

(24) IWAMBDSTNP (A1, . . . , An) = [
∑n

i=1BeliBelAi ,
∑n

i=1 PliPlAi ]
This operator is not idempotent. Of course, the idempotence of operator

(24) is guaranteed by the normalization of weight value in the form of the
real numbers, or

∑n
i=1wi = 1, while in (21) weights have a belief interval’s

form BI = [Beli, P li], i = 1, . . . , n.
Among the basic properties of the aggregation operations (boundary

conditions, monotonicity, continuity, symmetry, idempotence, and others),
idempotence seems to be particularly important in MCDM problems. In
conclusion we can say that the operators introduced in the framework of
the non-probability treatment of belief interval have their counterparts in
the classical theory of IFSs [19].

So, for example despite the fact, that in the classical intuitionistic fuzzy
sets theory is no definition of raising an IFV to intuitionistic fuzzy power.
Taking into account the analysis of the raise to the power using conversion
IFSs to belief intervals we get the following expression:

(25) AB = 〈µ1−vBA , 1− (1− vA)µB 〉.
Let us consider an example of calculating using the convert to belief

intervals and expression (29).
Example 1. Let A = 〈0.78, 0.2〉 and B = 〈0.44, 0.33〉. Then BI(A) =

[0.78, 0.8] and BI(B) = [0.44, 0.67], so BI(A)BI(B) = [0.8467, 0.9065]. Us-
ing expression (25), we get AB = 〈0.8467, 0.9065〉. It is easy to see, that
the results coincide qualitatively, and BI(AB) = [0.8467, 0.9065] too.

Similarly, their equivalent operator is an operator presented in the fol-
lowing expression:

(26) AB = 〈Πn
i=1µ

(1−vi)
Ai

, 1−Πn
i=1(1− vAi)

µi〉.
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C1 C2 C3

A1 (0.780, 0.200, 0.020) (0.661, 0.190, 0.149) (0.600, 0.300, 0.100)
A2 (0.770, 0.200, 0.030) (0.685, 0.299, 0.016) (0.650, 0.150, 0.200)
A3 (0.556, 0.400, 0.044) (0.459, 0.229, 0.312) (0.500, 0.200, 0.300)

Table 1. An assessment of alternatives according to the
three criteria in the intuitionistic fuzzy form

It was proved in [21] that the approach to the comparison of intervals
based on the subtraction operation compartments intervals ∆A−B has the
explicit advantages in comparison with other methods.

Then, regardless of whether the belief intervals intersect or not, we have
BI(A) > BI(B) in the case when subtraction of interval BI(A) is bigger
than subtraction of interval BI(B), or:

(27) BI(A) > BI(B), if Bel(A)+Pl(A)2 > Bel(B)+Pl(B)
2 .

From the expression (27), we can deduce (see [20]), that BI(A) > BI(B),
if

(28) BI(A) > BI(B), if Bel(A) + Pl(A) > Bel(B) + Pl(B) .
It is easy to see, that this inequality is an equivalent to the inequal-

ity, or at a glance, where and are score functions. If (Bel(A)+Pl(A)) =
(Bel(B)+Pl(B)) then BI(A) = BI(B).

5. Comparison of results obtained

In this section we compare the result obtained by aggregation modes in
the framework of classical intuitionistic fuzzy approach and approach based
on DST.

Consider the results obtained using the expressions on IWAM (11) and
IWAMDSTNP (24).
Example 2. Let us consider that in the MCDM problem alternatives are

presented by IFV, while the weights of the local criteria are presented by
real numbers. Data obtained during the analysis of the various alternatives
are presented in the Table 1.

In this example, weights have the following form:
(29) W = [w1, w2, w3] = [0.33, 0.35, 0.32].
It is easy to see that the validity of the criteria in this example are close

to each other.
Then, using the expression (11) on additive aggregation IWAM , we ob-

tain the results shown in the Table 2.
However, in the case of consideration of this example in the framework

of DST , first we need to convert the values shown in table 1 to the value
in the form of belief intervals. Modified data are presented in the Table 3.
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µAi vAi S(Ai), i = 1, 2, 3 Ranking
A1 0.7142 0.2555 0.4588 1
A2 0.6314 0.2188 0.4126 2
A3 0.5730 0.2215 0.3515 3

Table 2. Ranking obtained by IWAM aggregation for
IFV s Intuitionistic fuzzy assessment

C1 C2 C3

BI(A1) [0.780, 0.800] [0.661, 0.810] [0.600, 0.700]
BI(A2) [0.770, 0.800] [0.685, 0.701] [0.650, 0.850]
BI(A3) [0.556, 0.600] [0.459, 0.771] [0.500, 0.800]

Table 3. Assessment of alternatives according to the three
criteria in belief intervals form

Interval assessment Numerical assessment Ranking
A1 [0.1755, 0.1833] 0.1794 2
A2 [0.3369, 0.4260] 0.3815 1
A3 [0.1108, 0.1488] 0.1298 3
Table 4. Ranking obtained by IWAMDSTNP aggregation
for BI’s

Considering the expressions (24) and (2) and the data contained in table
3, we obtain results for IWAMDSTNP presented in the Table 4.

It is easy to see the difference between the results presented in Tables
2 and 4. Such incompatibility we have due to the exchange of the multi-
plication operator to the exponentiation operator. This is because, among
other, the lack of precision of the results obtained by the formula (11) . To
the benefit of the second method (24) speaks also using a direct interval
extension, the advantages of which are presented in [21].
Example 3. Consider the Example 2 for IFWGBDSTP (22) and its

equivalent operator IFWGI (26) for the following intuitionistic fuzzy weights:

(30) W = [w1, w2, w3] =

 0.44 0.33 0.23
0.46 0.32 0.22
0.44 0.34 0.22

 .
The weights converted to belief intervals are presented in the expression

(31).

(31) BI[W ] = [BI1, BI2, BI3] =

 0.44 0.67
0.46 0.68
0.44 0.66

 .
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Interval assessment Numerical assessment Ranking
A1 [0.4796, 0.6563] 0.5679 1
A2 [0.3436, 0.6839] 0.5137 3
A3 [0.3399, 0.7214] 0.5307 2

Table 5. Ranking obtained by aggregation for BI

µAi vAi S(Ai), i = 1, 2, 3 Ranking
A1 0.4796 0.3437 0.1359 1
A2 0.3436 0.3161 0.0275 3
A3 0.3399 0.2786 0.0613 2

Table 6. Ranking obtained by IFWGI aggregation for IFV s.

BI(An) Numerical assessment Ranking
A1 [0.4796, 0.6563] 0.5679 1
A2 [0.3436, 0.6839] 0.5137 3
A3 [0.3399, 0.7214] 0.5307 2

Table 7. Ranking of belief intervals of IFWGI.

C1 C2 C3

A1 (0.580, 0.200, 0.220) (0.651, 0.190, 0.159) (0.600, 0.300, 0.100)
A2 (0.670, 0.100, 0.230) (0.585, 0.299, 0.116) (0.650, 0.150, 0.200)
A3 (0.556, 0.400, 0.044) (0.459, 0.229, 0.312) (0.500, 0.200, 0.300)

Table 8. Assessment of alternatives according to the three
criteria in intuitionistic fuzzy form

The results obtained by using IFWGBDSTP (22) and IFWGI (26) are
presented in Tables 5 and 6, respectively.

Then calculated by the expression (26) provides results quality equivalent
to results obtained by the expression (22), as it shown in Tables 5-7.

It’s easy to see, that ranking and number results are the same in case
of both aggregation modes. That’s indicate that the heuristic method of
calculation IFWGI has the same precision as IFWGIDSTNP .
Example 4. Consider the results obtained by using the IFWGBDSTNP

(22) and IWAMBDSTNP (24). Assume that, in the MCDM problem,
alternatives and weights of local criteria are presented by IFV . Data ob-
tained during the analysis of the various alternatives are presented in the
Table 8.

In this example, weights have the following form
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C1 C2 C3

BI(A1) [0.580, 0.800] [0.651, 0.810] [0.600, 0.700]
BI(A2) [0.670, 0.900] [0.585, 0.701] [0.650, 0.850]
BI(A3) [0.556, 0.600] [0.459, 0.771] [0.500, 0.800]

Table 9. Assessment of alternatives according to the three
criteria in belief intervals form

Interval assessment Numerical assessment Ranking
A1 [0.2047, 0.5137] 0.3592 2
A2 [0.2599, 0.5173] 0.3886 1
A3 [0.1983, 0.517] 0.3577 3
Table 10. Ranking obtained by IWAMIDSTP for BIs

Interval assessment Numerical assessment Ranking
A1 [0.3582, 0.7517] 0.5550 1
A2 [0.3054, 0.5702] 0.4378 3
A3 [0.3399, 0.6127] 0.4763 2
Table 11. Ranking obtained by IFWGBDSTP for BIs

(32) W = [w1, w2, w3] =

 0.34 0.33 0.33
0.46 0.32 0.22
0.44 0.34 0.32

 .
Firstly, we need to convert the values shown in the Table 8 to the values

in the form of belief intervals. Modified data presented in the Table 9.
Weights converted to belief intervals are presented in the expression (33).

(33) BI[W ] = [BI1, BI2, BI3] =

 0.34 0.67
0.46 0.68
0.34 0.66

 .
Then, using the formula (24) on additive aggregation IWAMIDST , we

get the results shown in table 10.
Taking into account the expressions (33) and (22) and the data contained

in table 9, we obtain results for presented in table 11.
It is easy to see the difference in the results presented in tables 10 and 11.

As it was proved in [17], multiplication aggregation mode is more believable
than the additive aggregation mode.
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6. Final remarks

In this paper a few usefull methods of solving problems with intuitionistic
fuzzy weights in order to be able to use any aggregation modes for decision-
making problems are proposed. The first of them is based on a new operator
of raising an intuitionistic fuzzy values to intuitionistic fuzzy power and
allows to use a classic form of intuitionistic fuzzy sets. The second one is
based on Dempster-Shafer theory and modifications of intuitionistic fuzzy
sets to belief intervals. This method allows to use an interval arithmetic
and direct interval extension, the advantages of which is shown in [21], to
solve MCDM problems.

References

[1] Agrawal V. P., Kohli V., Gupta, S., Computer aided robot selection: The multiple
attribute decision making approach, International Journal of Production Research
29 (1991) 1629–1644.

[2] Alsina C., On a family of connectives for fuzzy sets, Fuzzy Sets and Systems 16
(1985) 231-235.

[3] Atanassov K.T., Intuitionistic fuzzy sets, Fuzzy Sets and Systems 20 (1986) 87-96.
[4] Atanassov K., New operations defined over the intuitionistic fuzzy sets, Fuzzy Sets

and Systems 61 (1994) 137-142.
[5] Atanassov K., Pasi G., Yager R., Intuitionistic fuzzy interpretations of multi-person

multicriteria decision making, Proc. of 2002 First International IEEE Symposium
Intelligent Systems 1 (2002) 115-119.

[6] Atanassov K., Pasi G., Yager R., Atanassova V., Intuitionistic fuzzy graph interpre-
tations of multi-person multi-criteria decision making, Proc. of the Third Conference
of the European Society for Fuzzy Logic and Technology EUSFLAT’2003, Zittau,
10-12 September (2003) 177-182.

[7] Beliakov G., Bustince H., Goswami D.P., U.K. Mukherjee,N.R Pal, On averaging
operators for Atanassov’s intuitionistic fuzzy sets, Information Sciences 182 (2011)
1116-1124.

[8] Boran F. E., Cenc S., Kurt M., Akay D., A multi-criteria untuitionistic fuzzy group
decision making for supplier selection with TOPSIS method, Expert Systems with
Applications 36 (2009) 11363–11368.

[9] Chen S.M., Tan J.M., Handling multicriteria fuzzy decision-maiking problemsbased
on vague set theory, Fuzzy Sets and Systems 67 (1994) 163-172

[10] Cheng S., Chan C. W., Huang G. H., An integrated multi-criteria decision analysis
and inexact mixed integer linear programming approach for solid waste management,
Engineering Applications of Artificial Intelligence 16 (2003) 543–554.

[11] Choi D.Y, Oh K.W., Asa and its application to multi-criteria decision making, Fuzzy
Sets and Systems 114 (2000) 89-102.

[12] Chu T. C., Facility location selection using fuzzy TOPSIS under group decisions,
International Journal of Uncertainty, Fuzziness and Knowledge-Based Systems 10
(2002a) 687–701.

[13] Chu T. C., Selecting plant location via a fuzzy TOPSIS approach, The International
Journal of Advanced Manufacturing Technology 20 (2002b) 859–864.



158 A. TIKHONENKO-KĘDZIAK AND M. KURKOWSKI

[14] Deluca A., Termini S., A definition of a nonprobabilistic entropy the of fuzzy sets
theory, Information and Control 20 (1972) 301-312.

[15] Dempster A.P., Upper and lower probabilities induced by a muilti-valued mapping,
Ann. Math. Stat. 38 (1967) 325-339.

[16] Dey S.K., Biswas R., Roy A.R., Some operations on intuitionistic fuzzy sets, Fuzzy
Sets and Systems 114 (2000) 477-484.

[17] Dymowa L., Soft Computing in Economics and Finance, Springer (2010).
[18] Dymova L., Sevastjanov P., An interpretation of intuitionistic fuzzy sets in terms

of evidence theory. Decision making aspect, Knowledge-Based Systems 23 (2010)
772-782.

[19] Dymova L., Sevastjanov P., The operations on intuitionistic fuzzy values in the
framework of Dempster-Shafer theory, Knowledge- Based Systems 35 (2012), 132-
143.

[20] Dymova L., Sevastjanov P., Two-criteria method for comparing real-valued and
interval-valued intuitionistic fuzzy values, Knowledge- Based Systems 45 (2013), 166-
173.

[21] Dymova L., Sevastjanov P., A direct interval extension of TOPSIS method, Expert
Systems with Applications 40 (2013), 4841-4847.

[22] Fodor J.C., Roubens M., Fuzzy Preference Modelling and Multicriteria Decision
Support, Kluwer Academic Publishers, Dordrecht, 1994.

[23] Hinde C.J., Patching R.S., McCoy S.A., Inconsistent Intuitionistic Fuzzy Sets and
Mass Assignment, EXIT, 2007.

[24] Hinde C.J., Patching R.S., McCoy S.A., Semantic transfer and contradictory evi-
dence in intuitionistic fuzzy sets, in: Proc. of 2008 IEEE International Conference
on Fuzzy Systems, (2008) pp. 2095-2102. DOI: 10.1109/FUZZY.2008.4630659

[25] Hong D.H.,Choi C.-H., Multicriteria fuzzy decision-making problems based on vague
set theory, Fuzzy Sets and Systems 114 (2000), 103-113.

[26] Li D-F., Multiattribute decision making models and methods using intuitionistic fuzzy
sets, Journal of Computer and System Sciences 70 (2005) 73-85.

[27] Li F., Lu A., Cai L., Methods of multi-criteria fuzzy decision making based on vague
sets, Journal of Huazhong University of Science and Technology 29 (2001) 1-3 (in
Chinese).

[28] Li F., Rao Y., Weighted methods of multi-criteria fuzzy decision making based on
vague sets, Computer Science 28 (2001) 60-65 (in Chinese).

[29] Lin L., Yuan X-H., Xia, Z-Q Multicriteria fuzzy decision-making methods based on
intuitionistic fuzzy sets, Journal of Computer and System Sciences 73 (2007) 84-88.

[30] Liu H.-W., Wang G.-J., Multi-criteria decision-making methods based on intuition-
istic fuzzy sets, European Journal of Operational Research 179 (2007) 220-233.

[31] Moore R.E., Interval analysis, N.J. Prentice-Hall, Englewood Cliffs (1966).
[32] Pasi G., Yager Y., Atanassov K., Intuitionistic fuzzy graph interpretations of multi-

person multi-criteria decision making: Generalized net approach, in: Proceedings of
2004 second International IEEE Conference Intelligent Systems (2004) pp. 434-439.

[33] Pasi G., Atanassov K., Melo Pinto P., Yager R., Atanassova V., Multi-person multi-
criteria decision making: Intuitionistic fuzzy approach and generalized net model,
in: Proc. of the 10th ISPE International Conference on Concurrent Engineering
„Advanced Design, Production and Management Systems", 26-30 July 2003, Madeira
(2003) pp. 1073-1078.

[34] Shafer G., A mathematical theory of evidence, Princeton, Princeton University Press,
1976.



REMARKS OF AGGREGATION MODES APPLICATIONS 159

[35] Szmidt E., Kacprzyk J., Applications of intuitionistic fuzzy sets in decision making,
in: Proc. Eighth Cong. EUSFLAT98, Pampelona (1998) 150-158.

[36] Szmidt E., Kacprzyk J., Group decision making under intuitionistic fuzzy prefer-
ence relations, in: Proceedings of Seventh International Conference (IMPU98), Paris
(1998) 172-178.

[37] Szmidt E., Kacprzyk J., Intuitionistic fuzzy sets in decision making, Notes IFS 2
(1996) 15-32.

[38] Szmidt E., Kacprzyk J., Remarks on some applications on intuitionistic fuzzy sets
in decision making, Notes IFS 2 (1996) 22-31.

[39] Xu Z., Intuitionistic preference relations and their applications in group decision
making, Information Sciences 177 (2007) 2363-2379.

[40] Xu Z., Xia M., Induced generalized intuitionistic fuzzy operators, Knowledge- Based
Systems 24 (2011) 197-209.

[41] Yang W., Chen Z., The quasi-arithmetic intuitionistic fuzzy OWA operators,
Knowledge-Based Syst. (2011).

Received: September 2016

Anna Tikhonenko-Kędziak
Cardinal Stefan Wyszyński University,
Institute of Computer Science,
ul. Dewajtis 5, Warsaw, Poland
E-mail address: a.tikhonenko@uksw.edu.pl

Mirosław Kurkowski
Cardinal Stefan Wyszyński University,
Institute of Computer Science,
ul. Dewajtis 5, Warsaw, Poland
E-mail address: m.kurkowski@uksw.edu.pl





Scientific Issues
Jan Długosz University
in Częstochowa
Mathematics XXI (2016)
161–187
DOI http://dx.doi.org/10.16926/m.2016.21.14

ON THE SMT-BASED VERIFICATION OF
COMMUNICATIVE COMMITMENTS

BOŻENA WOŹNA-SZCZEŚNIAK AND IRENEUSZ SZCZEŚNIAK

Abstract

We propose an SMT-based bounded model checking (BMC) technique for the existen-
tial fragments of CCTL?K – an epistemic temporal logic extended to include modalities
for different social commitments – and for multi-agent systems modelled by Communica-
tion Interpreted Systems (CIS). Furthermore, we exemplify the use of the technique by
means of the NetBill protocol, a popular example in the MAS literature related to the
modelling of business processes.

1. Introduction

Agents are autonomous and sophisticated entities that act autonomously
on behalf of their users, across open and distributed environments, to solve
a growing number of complex problems. A multi-agent system (MAS) [16]
is a loosely united network of agents that interact to solve problems that are
beyond the capacities or knowledge of a single agent. In particular, multi-
agent systems can model an artificial society that mainly evolves through
communication among participating entities.

In order to model formally communication between agents of an artificial
society, an adequate agent communication language (ACL) is needed. Such
an ACL should have computationally grounded semantics that provides
capabilities to verify, for example, whether or not agent behaviours comply
with the protocol. Moreover, according to recent advances in the ACL field,
an ACL semantics should be based on social approaches [14, 5, 6] that allow
to overcome the shortcomings and inconveniences incorporated with mental
approaches [19]; the mental semantics is defined in terms of the agents’
internal mental states such as believes, goals, desires and intentions.

Following [6, 18], in the paper we consider CCTL?K, which is an agent
communication language that extends CTL? [4] with epistemic [8], com-
mitments [6], and group commitment [18] modalities. The CCTL?K lan-
guage allows for reasoning about temporal, epistemic and social properties
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of MASs. Its semantics is defined by Kripke models that are generated by
communication interpreted systems (CIS) [6] - a social extension of standard
interpreted systems (IS) [8].

Automatic verification of commitment properties and commitment-based
protocols, performed by the analysis of their models, is a very important
subject of research. This is highly motivated by an increasing demand to
help protocol inventors either find undesirable and faulty agents’ behaviours
to eliminate them or implement desirable agents’ behaviours so that such
protocols conform to given specifications at design time.

Verifying a correctness property of a system by means of model checking
techniques [4] amounts to checking whether a logical formula (expressing
the property) is valid in a model of the system representing all its possible
computations. So far several model checking approaches for commitment
properties and commitment-based protocols have been developed. Among
others, in [12] the CTLC logic, which extends CTL with modalities for rea-
soning about social commitments, their fulfillment and violation, has been
introduced. Moreover, the model checking problem for CTLC has been
translated into the model checking problem for CTLK (the combination of
CTL with the logic of knowledge), in which the commitment modality is
represented by the knowledge modality. The proposed translation has been
implemented as a BDD-based symbolic model-checking algorithm for CTLC
on the top of MCMAS [9]. In [6] the authors introduced the CTLC+ logic
that slightly modifies CTLC, and proposed verification technique, which
is based on a translation of the model checking problem for CTLC+ into
the model checking problem for ARCTL (the combination of CTL with
action formulae) and into the model checking problem for GCTL∗ (a gener-
alized version of CTL∗ with action formulae), and then using, respectively,
NuSMV [3] and the CWB-NC automata-based model checker [21]. Finally,
in [18] a SAT-based bounded model checking (BMC) [13] for communication
deontic interpreted systems (CDIS) and for ECDCTL?K, which is the exis-
tential fragment of CDCTL?K (a branching time temporal logic extended to
knowledge, correct functioning behaviour, and different social commitments
modalities) has been proposed.

BMC is, in general, a method of performing verification using only a frag-
ment of the considered model that is truncated up to some specific depth.
It exploits the observation that we can infer some properties of the model
using only its fragments. To be applicable in practice, this approach can
be combined with a technique which involves translation of the verification
problem to the boolean satisfiability problem (SAT), or to the satisfiability
modulo theories (SMT) problem. The aim of this paper is to report on
recent progress on the application of the SMT-based BMC that employs
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SMT-solvers (i.e., tools for deciding the satisfiability of formulae in a num-
ber of theories [1]) to verifying no just temporal and epistemic, but also
social properties of MAS. In particular, we define an SMT-based BMC for
CIS and for ECCTL?K, which is the existential fragment of CCTL?K, and
we prove its correctness and completeness.

The rest of the paper is organised as follows. In Section 2 we introduce
CIS together with its Kripke model, and we provide syntax and semantics
of the CCTL?K language together with its existential (ECCTL?K) and uni-
versal (ACCTL?K) fragments. In Section 3 we define a bounded semantics
for the ECCTL?K subset, we prove the equivalence of the bounded and un-
bounded semantics, we provide a SMT-based BMC method for ECCTL?K,
and we prove the correctness and completeness of the BMC method. In
Section 4 we apply the BMC technique to the NetBill protocol. In the last
section we conclude the paper with a short discussion and an outline of our
future work.

2. Preliminaries

Let us begin by setting some notations utilized through the paper. Let
A = {1, . . . , n} be the non-empty and finite set of agents, E a special agent
that is used to model the environment in which the agents operate, PV =⋃

c∈A PVc∪PVE a set of propositional variables such that PVc1∩PVc2 = ∅
for all c1, c2 ∈ A ∪ {E}, and Z the set of integers.

2.1. CIS. The set A of agents together with the environment constitute a
multi-agent system (MAS), to model which we use the formalism of com-
munication interpreted system (CIS). In CIS, each agent c ∈ A is modelled
by:
• Lc - a non-empty and finite set of local states, which models the instanta-
neous configuration of the agent c in MAS. The content varies according
to what we need to model, e.g. it may be the values of some (local)
variables.
• V arc - a finite set of local non-negative integer variables. These variables
are used to represent communication channels through which messages are
sent and received, and then to define the social accessibility relation, which
in turn will be used to define the computationally grounded semantics of
communication commitments.
• Actc - a non-empty and finite set of possible actions such that the special
null action εc belongs to Actc; it is assumed that actions are ”public”.
• Pc : Lc → 2Actc - a protocol function defining the action selection mecha-
nism.
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• tc : Lc × LE × Act → Lc (each element of Act =
∏

c∈AActc, as usually,
is called joint action) is a (partial) evolution function. We assume that if
εc ∈ Pc(`c), then tc(`c, `E , (a1, . . . , an, aE)) = `c for ac = εc.
• Vc : Lc → 2PV - a valuation function which assigns to every local state a
set of propositional variables that are assumed to be true at that state.

Correspondingly to the other agents, the environment E is modelled by
• LE - a non-empty and finite set of local states,
• V arE - a finite set of local non-negative integer variables.
• ActE - a non-empty and finite set of possible actions,
• PE : LE → 2ActE - a protocol function,
• tE : LE ×Act→ LE - a (partial) evolution function,
• VE : LE → 2PVE - a valuation function.
The environment E captures relevant information that is not specific to
any individual agent, e.g. messages in transit in a communication channel.
Moreover, it is assumed that local states, and actions for E are ”public”.

A set of all global states is defined as S = L1× . . .×Ln×LE [8], and each
element s ∈ S represents the instantaneous snapshot of MAS at a given
time. Furthermore, given a set of agents A, the environment E , and a set
of initial global states ι ⊆ S, a communication interpreted system (CIS) is
a tuple:

C = ({Lc, V arc, Actc, Pc, tc,Vc}c∈A∪{E}, ι)
Let s = (`1, . . . , `n, `E) be a global state. We write lc(s) to denote the

local state of agent c ∈ A. Next, for each agent c ∈ A we define a standard
indistinguishability relation ∼c⊆ S × S as: s ∼c s

′ iff lc(s′) = lc(s). This
relation is used to give the computationally grounded semantics for standard
epistemic properties of MAS. Moreover, we define a global evolution function
t : S × Act → S as follows: t(s, a) = s′ iff tc(lc(s), lE(s), a) = lc(s′) for all
c ∈ A and tE(lE(s), a) = lE(s

′). In brief we write the above as s a−→ s′.
Furthermore, as in [6], we denote the value of a variable x ∈ V arc at local
state lc(s) by lxc(s), and we assume that if lc(s) = lc(s′), then lxc(s) = lxc(s′)
for all x ∈ V arc. Next, for each pair (c1, c2) of agents in A we define a
social accessibility relation ∼c1→c2⊆ S × S as:

s ∼c1→c2 s
′ iff lc1(s) = lc1(s′) and V arc1 ∩ V arc2 6= ∅ such that

∀x∈V arc1∩V arc2 (lxc1(s) = lxc2(s′)) and ∀y∈V arc2−V arc1 (lyc2(s) = lyc2(s′)).

The intuition behind the definition of the social accessibility relation
∼c1→c2 is the following. The states s and s′ are indistinguishable for c1

(lc1(s) = lc1(s′)), since c1 initiates the communication and it does not learn
any new information. There is a communication channel between c1 and
c2 (V arc1 ∩ V arc2 6= ∅). The channel is filled in by c1 in state s, and in
state s′ c2 receives the information, which makes the value of the shared
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variable the same for c1 and c2 (lxc1(s) = lxc2(s′)). The states s and s′ are
indistinguishable for c2 with regard to the variables that have not been
communicated by c1, i.e., unshared variables ∀y∈V arc2−V arc1 l

y
c2(s) = lyc2(s′).

Figure 1. An example of the social accessibility relation ∼i→j .

Example 1. Consider the example shown in Figure 1. We can observe
that the shared and unshared variables for agents are the following: V ari =
{x1, x2, x3, x4} for agent i, and V arj = {x1, x2, x

′
3, x
′
4} for agent j. More

precisely, x1 and x2 are shared variables (i.e., they represent the communi-
cation channel), and x3 , x4, x′3, and x

′
4 are unshared variables, which may

represent communication channels with other agents. Notice that the values
of the variables x1 and x2 for j in the state s′ are changed to be equal to the
values of these variables for agent i, which illustrates the massage passing
through the channel. On the other hand, the values of the variables in V ari
are unchanged as li(s) = li(s

′).

2.2. Model. For a given CIS we define a model as a tuple
M = (Act, S, ι, T,V,∼c,∼c1→c2), where

• Act is the set of labels (i.e., joint actions),
• S and ι ⊆ S are defined as above,
• T ⊆ S × S is a total transition relation on S defined by: (s, s′) ∈ T iff
there exists an action a ∈ Act such that s a−→ s′,
• V : S → 2PV is the valuation function defined as V(s) =

⋃
c∈A Vc(lc(s)),

• ∼c⊆ S × S is the indistinguishability relation, for c ∈ A,
• ∼c1→c2⊆ S × S is the social accessibility relation for, c ∈ A.
A path in M is an infinite sequence π = (s0, s1, . . .) of states such that
(sm, sm+1) ∈ T for each m ∈ N. Let m ∈ N. Then, the m-th state of
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π is defnied as π(m) = sm, and the m-th suffix of π is defnied as πm =
(sm, sm+1, . . .). Π(s) denotes the set of all the paths starting at s ∈ S, and
Π =

⋃
s0∈ι Π(s0) is the set of all the paths starting at initial states.

2.3. Syntax of CCTL?K. Let p ∈ PV be a propositional variable, c1, c2 ∈
A, Γ ⊆ A. The syntax of CCTL?K, which is a combination of branching
time CTL? [7] with standard epistemic modalities, the social commitments
modality [6], and the group social commitments modality [18], is defined as
follows:

ϕ ::=true | false | p | ¬ϕ | ϕ ∧ ϕ | ϕ ∨ ϕ | Aφ |
Kcφ | EΓφ | DΓφ | CΓφ | Ci→jφ | Ci→Γφ

φ ::=ϕ | φ ∧ φ | φ ∨ φ | Xφ | φUφ | φRφ

where ϕ is a state formula and φ is a path formula, A is the universal quan-
tifier on paths, X, U, and R are CTL? path temporal modalities standing
for next, until and release, respectively. The modalities Kc,DΓ,EΓ, and CΓ

represent knowledge of agent c, distributed knowledge in the group Γ, every-
one in Γ knows, and common knowledge among agents in Γ, respectively.
Finally, the modalities Ci→j and Ci→Γ represent commitment and group
commitment, respectively.

CCTL?K consists of the set of state formulae generated by
the above grammar.

In this logic, Ci→jφ is read as agent i commits towards agent j that φ, or
equivalently as φ is committed to by i towards j. Ci→Γφ is read as agent i
commits towards group of agent Γ that φ, or equivalently as φ is committed
to by i towards group of agent Γ.

For more details on commitment modality Ci→j and on group commit-
ment modality Ci→Γ we refer to [6] and [18], respectively.

Other temporal, epistemic and commitment modalities are given by their
usual abbreviations, i.e. Fφ

def
= trueUφ, Gφ

def
= falseRφ, Kcφ

def
= ¬Kc¬φ,

DΓφ
def
= ¬DΓ¬φ, EΓφ

def
= ¬EΓ¬φ, CΓφ

def
= ¬CΓ¬φ, Ci→jφ

def
= ¬Ci→j¬φ,

Ci→Γφ
def
= ¬Ci→Γ¬φ.

We define several sublogics of CCTL?K including variants of linear-time
temporal logic as well as branching-time temporal logic. In particular we
find it usefull to consider the following fragments of CCTL?K:
ACCTL?K is defined by the following grammar: ϕ ::= true | false | p |
¬p | ϕ ∧ ϕ | ϕ ∨ ϕ | Aφ | Kcφ | EΓφ | DΓφ | CΓφ | Ci→jφ | Ci→Γφ;
φ ::= ϕ | φ ∧ φ | φ ∨ φ | Xφ | φUφ | φRφ.
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ECCTL?K is defined by the following grammar: ϕ ::= true | false | p |
¬p | ϕ ∧ ϕ | ϕ ∨ ϕ | Eφ | Kcφ | EΓφ | DΓφ | CΓφ | Ci→jφ | Ci→Γφ;
φ ::= ϕ | φ ∧ φ | φ ∨ φ | Xφ | φUφ | φRφ.
ECLTLK is defined by the following grammar: ϕ ::= true | false | p | ¬p |
ϕ ∧ ϕ | ϕ ∨ ϕ | Xϕ | ϕUϕ | ϕRϕ | Kcϕ | EΓϕ | DΓϕ | CΓϕ | Cc1→c2ϕ |
Cc1→Γϕ;
LTL is defined by the following grammar: ϕ ::= true | false | p | ¬p |
ϕ ∧ ϕ | ϕ ∨ ϕ | Xϕ | ϕUϕ | ϕRϕ.
We use the universal fragment (i.e., ACCTL?K) to express properties of a

system in question, and we use the existential fragment (i.e., ECCTL?K) to
verify these properties by means of the SMT-based bounded model check-
ing method, which is presented in the next section. Fragments ECLTLK
and LTL are used to prove equivalence of the bounded and unbounded
semantics.

2.4. Semantics of CCTL?K. The semantics of CCTL?K formulae is de-
fined with respect to the model M = (Act, S, ι, T,V,∼c,∼c1→c2). In the
semantics we assume the following definitions of epistemic relations: ∼EΓ

def
=⋃

c∈Γ ∼c, ∼CΓ
def
= (∼EΓ )+ (the transitive closure of ∼EΓ ), ∼DΓ

def
=
⋂

c∈Γ ∼c,
where Γ ⊆ A.

Let M be a model, s a state of M , π a path in M , m ∈ N, p ∈ PV a
propositional variable, α and β state formulae of CCTL?K, and ϕ and ψ
path formulae of CCTL?K. For a state formula α over PV, the notation
M, s |= α means that α holds at the state s in the model M . Similarly,
for a path formula ϕ over PV, the notation M,π |= ϕ means that ϕ holds
along the path π in the model M . The relation |= is defined inductively as
follows:
M, s |= true, M, s 6|= false, M, s |= p iff p ∈ V(s), M, s |= ¬α iff M, s 6|= α,
M, s |= α ∧ β iff M, s |= α and M, s |= β,
M, s |= α ∨ β iff M, s |= α or M, s |= β,
M, s |= Kcα iff (∀π ∈ Π)(∀i > 0)(s ∼c π(i) implies M,πi |= α),
M, s |= YΓα iff (∀π ∈ Π)(∀i > 0)(s ∼YΓ π(i) implies M,πi |= α),

with Y ∈ {D,E,C},
M, s |= Cc1→c2α iff (∀π ∈ Π)(∀i > 0)(s ∼c1→c2 π(i) implies M,πi |= α)
M, s |= Cc1→Γα iff (∀π ∈ Π)(∀i > 0)(∀c2 ∈ Γ)(s ∼c1→c2 π(i)

implies M,πi |= α),
M, s |= Aϕ iff (∀π∈Π(s))(M,π0 |= ϕ),
M,πm |= α iff M,π(m) |= α,
M,πm |= ϕ ∧ ψ iff M,πm |= ϕ and M,πm |= ψ,
M,πm |= ϕ ∨ ψ iff M,πm |= ϕ or M,πm |= ψ,
M,πm |= Xϕ iff M,πm+1 |= ϕ,
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M,πm |= ϕUψ iff (∃j > m)
(
M,πj |= ψ and (∀m 6 i < j)M,πi |= ϕ

)
,

M,πm |= ϕRψ iff (∃j > m)
(
M,πj |= ϕ and (∀m 6 i 6 j)M,πi |= ψ

)
or (∀j > m)(M,πj |= ψ).

• A CCTL?K state formula α is universally valid inM , denoted byM |=∀ α,
iff for each s ∈ ι, M, s |= α, i.e., α holds at every initial state of M .
• A CCTL?K state formula α is existentially valid inM , denoted byM |= α,
iff for some s ∈ ι, M, s |= α, i.e., α holds at some initial state of M .
• Determining whether a CCTL?K state formula α is existentially (resp.
universally) valid in the modelM is called an existential (resp. universal)
model checking problem. In other words, the universal model checking
problem asks whetherM |=∀ α, and the existential model checking problem
asks whether M |= α.
In order to solve the universal model checking problem, one can negate

the formula and show that the existential model checking problem for the
negated formula has no solution. Intuitively, we are attempting to discover
a counterexample, and if we do not succeed, then the formula is universally
valid. Now, since bounded model checking is intended for finding a solution
to an existential model checking problem, in the paper we only consider the
properties expressible in ECCTL?K.

3. SMT- based Bounded Model Checking

The main idea of the SMT-based bounded model checking (BMC) method
consists of translating the existential model checking problem for a modal
logic and for a (Kripke like) model to the SMT satisfiability problem [1].
More precisely, SMT-based BMC consists in representing a counterexample-
trace of bounded length by a quantifier-free first-order formula and check-
ing the resulting quantifier-free first-order formula with a specialised SMT-
solver, i.e., programs (tools) that automatically decide whether a quantifier-
free first-order formula is satisfiable. If the formula in question is satisfiable,
then a satisfying assignment returned by the SMT-solver can be converted
into a concrete counterexample that shows that the property is violated.
Otherwise, the bound is increased and the process repeated.

The SMT encoding of the BMC problem for ECCTL?K and for CIS,
which we present here, is based on the SAT encoding of the same BMC
problem introduced in [18].

3.1. Bounded Semantics of ECCTL?K. Let M be a model, k ∈ N, and
0 6 l 6 k.
• A k-path πl is a pair (π, l) where π is a finite sequence π = (s0, . . . , sk) of
states such that (sj , sj+1) ∈ T for each 0 6 j < k.
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• A k-path πl is a loop if l < k and π(k) = π(l). If a k-path πl is a loop it
represents the infinite path of the form uvω, where u = (π(0), . . . , π(l))
and v = (π(l+ 1), . . . , π(k)). We denote this unique path by %(πl). Note
that for each j ∈ N, %(πl)

l+j = %(πl)
k+j .

Let Πk(s) denote the set of all the k-paths starting at s ∈ S, Πk =⋃
s0∈ι Πk(s

0) denote the set of all the paths starting at initial states, s
be a state of M , and πl a k-path in Πk. For a state formula α over PV, the
notation M, s |=k α means that α is k-true at the state s in the model M .
Similarly, for a path formula ϕ over PV, the notation M,πml |=k ϕ, where
0 6 m 6 k, means that ϕ is k-true along the suffix (π(m), . . . , π(k)) of π.
The relation |=k is defined inductively as follows:
• M, s |=k true, M, s 6|=k false,
• M, s |=k p iff p ∈ V(s),
• M, s |=k ¬α iff M, s 6|=k α,
• M, s |=k α ∧ β iff M, s |=k α and M, s |=k β,
• M, s |=k α ∨ β iff M, s |=k α or M, s |=k β,
• M, s |=k Kcα iff (∃πl ∈ Πk)(∃0 6 i 6 k)(s ∼c π(i) and M,πil |=k α),
• M, s |=k Y Γα iff (∃πl ∈ Πk)(∃0 6 i 6 k)(s ∼YΓ π(i) and M,πil |=k α),
where Y ∈{D,E,C},
• M, s |=k Cc1→c2α iff (∃πl ∈ Πk)(∃0 6 i 6 k)(s ∼c1→c2 π(i) and
M,πil |=k α),
• M, s |=k Cc1→Γα iff (∃πl ∈ Πk)(∃0 6 i 6 k)(∀c2 ∈ Γ)(s ∼c1→c2 π(i) and
M,πil |=k α),
• M, s |=k Eϕ iff (∃πl ∈ Πk(s))(M,π0

l |=k ϕ),
• M,πml |=k α iff M,π(m) |=k α,
• M,πml |=k ϕ ∧ ψ iff M,πml |=k ϕ and M,πml |=k ψ,
• M,πml |=k ϕ ∨ ψ iff M,πml |=k ϕ or M,πml |=k ψ,
• M,πml |=k Xϕ iff (m < k and M,πm+1

l |=k ϕ) or (m = k and l < k and
π(k) = π(l) and M,πl+1

l |=k ϕ),
• M,πml |=k ϕUψ iff (∃m 6j6 k)(M,πjl |=k ψ and (∀m 6 i < j) M,πil |=k

ϕ) or (l < m and π(k) = π(l) and (∃l < j < m)(M,πjl |=k ψ and (∀l <
i < j)M,πil |= ϕ and (∀m 6 i 6 k)M,πil |=k ϕ)),
• M,πml |=k ϕRψ iff (∃m 6 j 6 k)(M,πjl |=k ϕ and (∀m 6 i 6 j)M,πil |=k

ψ) or (l < m and π(k) = π(l) and (∃l < j < m)(M,πjl |=k ϕ and (∀l <
i 6 j)M,πil |= ψ and (∀m 6 i 6 k)M,πil |=k ψ) or (l<k and π(k) = π(l)

and (∀j 6 k)(j > min(m, l) implies M,πjl |=k ψ).
An ECCTL?K state formula α is k-valid (true) in M , denoted M |=k ϕ,

iff for each s ∈ ι, M, s |=k ϕ. The bounded model checking problem asks
whether there exists k ∈ N such that M |=k ϕ.
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3.2. Equivalence of the bounded and unbounded semantics. The
following theorem states that for a given model M and an ECCTL?K for-
mula α there exists a bound such that the model checking problem can be
reduced to the bounded model checking problem.

Theorem 1. Let M be a model and α an ECCTL?K state formula. Then,
for each s ∈ ι, M, s |= α iff M, s |=k α for some k ∈ N.

Proof. The theorem follows from Lemmas 2 and 6. �

Let us start by proving Lemma 1 showing that if an ECCTL?K path
formula is k-true along the suffix (π(m), . . . , π(k)) of a k-path π in the
model M , then the formula is also true along any extension of the suffix
in the model M . Next, we prove Lemma 2 showing that if a ECCTL?K
state formula is k-true at the state s in the model M , then the formula is
true at the state s in the model M . In the next lemmas we prove that if a
ECCTL?K formula is true in the model M , then the formula is also k-true
in the model M , for some k > 0.

Lemma 1. Let M be a model. For every ECCTL?K path formula ϕ, every
k-path πl in M , and every 0 6 m 6 k, if M,πml |=k ϕ, then

(1) if πl is not a loop, then M,ρm |= ϕ holds for each path ρ ∈M such
that ρ[0..k] = π.

(2) if πl is a loop, then M,%(πl)
m |= ϕ.

Proof. Assume that M,πml |=k ϕ and consider the following cases:
(1) ϕ is a state formula. Then, let ρ be any path inM such that ρ[0..k] = π.
• If ϕ is not of the form Eψ or Kcψ or DΓψ or EΓψ or CΓψ or Cc1→c2ψ
or Cc→Γψ , then the thesis of the lemma follows immediately from
the fact that π(m) = ρ(m).
• ϕ = Eψ. By induction hypothesis - see Lemma 2.10 of [20].
• ϕ = Y ψ with Y ∈ {Kc,DΓ,EΓ,CΓ}. By induction hypothesis - see
Lemma 3.1 of [17].
• If ϕ is of the form Cc1→c2ψ, then it follows from M,πml |=k ϕ that
there exists π̃ ∈ Πk and there exists j such that 0 6 j 6 k and
π(m) ∼c1→c2 π̃(j) and M, π̃jl |=k ψ. By the inductive hypothesis
M, ρ̂j |= ψ holds for every path ρ̂ ∈ M such that ρ̂[0..k] = π̃. More-
over, ρ̂(j) = π̃(j) and π(m) = ρ(m) and ρ(m) ∼c1→c2 ρ̂(j). Hence,
M,ρm |= Cc1→c2ψ.
• If ϕ is of the form Cc1→Γψ, then it follows from M,πml |=k ϕ that
there exists π̃ ∈ Πk and there exists j such that 0 6 j 6 k and
(∀c2 ∈ Γ) (π(m) ∼c1→c2 π̃(j) and M, π̃jl |=k ψ). By the inductive
hypothesis M, ρ̂j |= ψ holds for every path ρ̂ ∈M such that ρ̂[0..k] =
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π̃. Moreover, ρ̂(j) = π̃(j) and π(m) = ρ(m) and ρ(m) ∼c1→c2 ρ̂(j)
for all c2 ∈ Γ. Hence, M,ρm |= Cc1→c2ψ.
• ϕ = ψ1∧ψ2 | ψ1∨ψ2 | Xψ | ψ1Uψ2 | ψ1Rψ2 - see Lemma 2.10 of [20].

�

Lemma 2. Let M be a model and s be a state of M . For every ECCTL?K
state formula α, if M, s |=k α, then M, s |= α.

Proof. The lemma follows directly for the propositional variables and their
negations. Assume that the hypothesis holds for all the proper state sub-
formulae of α.
(1) Let α = α1∧α2 | α1∨α2 | Eψ | Y ψ, where α1 and α2 are state formulae,

and ψ is a path formula, and Y ∈ {Kc,DΓ,EΓ,CΓ} - see Lemma 3.2 of
[17].

(2) Let α = Cc1→c2ψ, where ψ is a path formula. By the definition of the
bounded semantics we have that there exists a k-path πl ∈ Πk and there
exists j such that 0 6 j 6 k and M,πjl |= ψ and s ∼c1→c2 π(j). Thus,
by Lemma 1 we have:
(a) if πl is not a loop, then M,ρ |= ψ for each path ρ of M such that

ρ[0..k] = π.
(b) if πl is a loop, then M,%(πl) |= ψ.
Furthermore, if πl is not a loop, then s ∼c1→c2 ρ(j). Otherwise, i.e., if
πl is a loop, then s ∼c1→c2 %(πl)(j). Therefore, by the definition of the
unbounded semantics it follows that M, s |= Cc1→c2ψ.

(3) Let α = Cc1→Γψ, where ψ is a path formula. By the definition of the
bounded semantics we have that there exists a k-path πl ∈ Πk and there
exists j such that 0 6 j 6 k and M,πjl |= ψ and s ∼c1→c2 π(j) for all
c2 ∈ Γ. Thus, by Lemma 1 we have:
(a) if πl is not a loop, then M,ρ |= ψ for each path ρ of M such that

ρ[0..k] = π.
(b) if πl is a loop, then M,%(πl) |= ψ.
Furthermore, if πl is not a loop, then s ∼c1→c2 ρ(j) for all c2 ∈ Γ.
Otherwise, i.e., if πl is a loop, then s ∼c1→c2 %(πl)(j) for all c2 ∈ Γ.
Therefore, by the definition of the unbounded semantics it follows that
M, s |= Cc1→c2ψ.

�

Lemma 3. (Theorem 3.1 of[2]) Let M be a model, α an LTL formula, and
ρ a path. Then, the following implication holds: M,ρ |= α implies that for
some k > 0 and 0 6 l 6 k, M,πl |=k α with ρ[0..k] = π.

Lemma 4. Let M be a model, α an LTL formula, Y ∈ {Kc, DΓ, EΓ,
CΓ, Cc1→c2, Cc1→Γ}, and ρ a path. Then, the following implication holds:
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M,ρ(0) |= Y α implies that for some k > 0 and 0 6 l 6 k, M,πl(0) |=k Y α
with ρ[0..k] = π.

Proof. Let Xj denote the next-time operator applied j-times.
(1) Y = Kc | DΓ | EΓ | CΓ - see Lemma 4 of [11].
(2) Let Y = Cc1→c2 . ThenM,ρ(0) |= Y α iff (∃ρ′ ∈ Π) (∃j>0)(ρ(0)∼c1→c2

ρ′(j) and M,ρ′j |= α). Since ρ′(j) is reachable from an initial state of
M , the checking of M,ρ′j |= α is equivalent to the checking of M,ρ′0 |=
Xjα. Now since Xjα is a pure LTL formula, by Lemma 3 we have
that for some k > 0 and 0 6 l 6 k, M,π′l

0 |=k Xjα with ρ′[0..k] = π′.
This implies that M,π′l

j |=k α with ρ′[0..k] = π′, for some k > 0 and
0 6 l 6 k. Now, since ρ(0) ∼c1→c2 ρ

′(j), we have π(0) ∼c1→c2 π
′(j).

Thus, by the bounded semantics we have that for some k > 0 and
0 6 l 6 k, M,πl(0) |=k Y α with ρ[0..k] = π.

(3) Let Y = Cc1→Γ. Then M,ρ(0) |= Y α iff (∃ρ′ ∈ Π) (∃j > 0)(∀c2 ∈
Γ)(ρ(0) ∼c1→c2 ρ

′(j) and M,ρ′j |= α). Since ρ′(j) is reachable from
an initial state of M , the checking of M,ρ′j |= α is equivalent to the
checking of M,ρ′0 |= Xjα. Now since Xjα is a pure LTL formula, by
Lemma 3 we have that for some k > 0 and 0 6 l 6 k, M,π′l

0 |=k Xjα

with ρ′[0..k] = π′. This implies that M,π′l
j |=k α with ρ′[0..k] = π′, for

some k > 0 and 0 6 l 6 k. Now, since ρ(0) ∼c1→c2 ρ
′(j) for all c2 ∈ Γ,

we have π(0) ∼c1→c2 π
′(j). Thus, by the bounded semantics we have

that for some k > 0 and 0 6 l 6 k, M,πl(0) |=k Y α with ρ[0..k] = π.
�

Lemma 5. Let M be a model, ϕ a ECLTLK formula, and ρ a run. Then,
the following implication holds: M,ρ |= ϕ implies that for some k > 0 and
0 6 l 6 k, M,πl |=k ϕ with ρ[0..k] = π.

Proof. (Induction on the length of ϕ) The lemma follows directly for the
propositional variables and their negations. Assume that the hypothesis
holds for all the proper subformulae of ϕ and consider ϕ to be of the fol-
lowing form:
(1) ϕ = ψ1 ∨ ψ2 | ψ1 ∧ ψ2 | Xψ | ψ1Uψ2 | ψ1Rψ2. Straightforward by the

induction hypothesis and Lemma 3.
(2) Let ϕ = Y α, and Y, Y1, . . . , Yn, Z ∈ {Kc,DΓ,EΓ,CΓ,Cc1→c2 ,Cc1→Γ},

and Y1α1, . . . , Ynαn be the list of all “top level” proper Y -subformulae of
α (i.e., each Yiαi is a subformula of Y α, but it is not a subformula of any
subformula Zβ of Y α, where Zβ is different from Y α and from Y αi for
i = 1, . . . , n). If this list is empty, then α is a “pure” LTL formula with no
nested epistemic and commitment modalities. Hence, by Lemma 4 we
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have M,ρ |= ϕ implies that for some k > 0 and 0 6 l 6 k, M,πl |=k ϕ
with ρ[0..k] = π.

Otherwise, introduce for each Yiαi a new proposition qi, where i =
1, . . . , n. It is easy to show that we can augment with qi the labelling
of each state s of M initialising some path along which the epistemic
or commitment formula Yiαi holds, and then translate the formula α to
the formula α′, which instead of each subformula Yiαi contains adequate
propositions qi. Therefore, we can obtain “pure” LTL formula. Hence,
by Lemma 4 we have M,ρ |= ϕ implies that for some k > 0 and 0 6
l 6 k, M,πl |=k ϕ with ρ[0..k] = π.

�

Lemma 6. Let M be a model, s a state of M , and α a ECCTL?K state
formula. If M, s |= α, then M, s |=k α for some k ∈ N.

Proof. The lemma follows directly for the propositional variables and their
negations. Assume that the hypothesis holds for all the proper state sub-
formulae of α.
(1) Let α = α1 ∧ α2 | α1 ∨ α2. The proof is straightforward.
(2) Let α = Y β and Y ∈ {E,Kc,DΓ,EΓ,CΓ} – see Lemma 3.7 of [17].
(3) Let α = Cc1→c2β. By the definition of the unbounded semantics we

have (∃π ∈ Π)(∃i > 0)(s ∼c1→c2 π(i) and M,πi |= β). next, by the
same definition we have M,π(i) |= β. Thus, by the inductive assump-
tion we have M,π(i) |=k β. Hence, by the definition of the bounded
semantics we get M,πil |=k β. Further, since s ∼c1→c2 π(i), we can
conclude that M, s |=k Cc1→c2β.

(4) Let α = Cc1→Γβ. By the definition of the unbounded semantics we
have (∃π ∈ Π)(∃i > 0)(∀c2 ∈ Γ)(s ∼c1→c2 π(i) and M,πi |= β). Next,
by the same definition we have M,π(i) |= β. Thus, by the inductive
assumption we have M,π(i) |=k β. Hence, by the definition of the
bounded semantics we getM,πil |=k β. Further, since s ∼c1→c2 π(i) for
all c2 ∈ Γ, we can conclude that M, s |=k Cc1→Γβ.

�

3.3. Translation to quantifier-free first-order formulae. Let M =
(Act, S, ι, T,V, ∼c,∼c1→c2) be a model, α an ECCTL?K state formula,
and k ∈ N a bound. We define the quantifier-free first-order formula:

[M,α]k := [Mα,ι]k ∧ [α]M,k(1)

which is satisfiable if and only if M |=k α holds. More precisely, let c ∈
A ∪ {E}. The definition of the formula [M,α]k assumes that:
• each state s ∈ S is represented by a valuation of a symbolic state w = (w1,
. . ., wn, wE) that consists of symbolic local states and each symbolic local
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state wc is a vector of individual variables ranging over the non-negative
integer numbers,
• each joint action a ∈ Act is represented by a valuation of a symbolic
action a = (a1, . . . , an, aE) that consists of symbolic local actions and
each symbolic local action ac is an individual variables ranging over the
non-negative integer numbers,
• each non-negative integer number from the set {0, . . . , k} is represented
by a valuation of a symbolic number u, which is an individual variables
ranging over the non-negative integer numbers.

Furthermore, the definition of the formula [M,α]k uses the auxiliary func-
tion fk : ECCTL?K→ N that returns the number of k-paths of the model
M that are sufficient to validate an ECCTL?K formula. The formal defini-
tion of the function is the following. Let p ∈ PV. The function is defined
as:

• fk(true) = fk(false) = fk(p) = fk(¬p) = 0,
• fk(ϕ ∧ φ) = fk(ϕ) + fk(φ),
• fk(ϕ ∨ φ) = max{fk(ϕ), fk(φ)},
• fk(Xϕ) = fk(ϕ),
• fk(ϕUφ) = k · fk(ϕ) + fk(φ),
• fk(ϕRφ) = (k + 1) · fk(φ) + fk(ϕ),
• fk(CΓϕ) = fk(ϕ) + k,
• fk(Y ϕ) = fk(ϕ) + 1, for Y ∈ {Kc,DΓ,EΓ,Cc1→c2 ,Cc1→Γ}.
Finally, the definition of [M,ϕ]k uses the following auxiliary quantifier-free
first-order formulae:

• p(w) - encodes a set of states of M in which proposition variable p ∈ PV
holds.
• Is(w) - encodes the state s of the model M .
• H(w,w′) - encodes equality of two symbolic states.
• Hc(w,w′) - encodes that the local states of agent c ∈ A are the same in
the symbolic states w and w′.
• Sc1→c2(w,w′) - encodes the social accessibility relation for agents c1, c2 ∈
A.
• A(a) - encodes that each symbolic local action ac of a has to be executed
by each agent in which it appears.
• Tc(wc, wE , a, w

′
c) - encodes the local evolution function of agent c ∈ A.

• TE(wE , a, w′E) - encodes the local evolution function of the environment E .
• T (w, a,w′) :=

∧
c∈A Tc(wc, a, w

′
c) ∧ TE(wE , a, w′E) ∧ A(a) - encodes the

transition relation of the model M .
• N∼

j (u) - encodes that the value j is in the arithmetic relation ∼∈ {<,>
,6,=,>} with the value represented by the symbolic number u.
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• πj := (w0,j
a1,j−→ w1,j

a2,j−→ . . .
ak,j−→ wk,j ,u), where u is the symbolic

number, wi,j are symbolic states, ai,j are symbolic actions, 0 6 i 6 k,
and 1 6 j 6 fk(α) - encodes the j-th k-path.
• Llk(πj) := N=

l (uj)∧H(wk,j ,wl,j), where l < k and k ∈ N - encodes that
the j-th k-path is a loop.

Let wi,j , ai,j , and uj are, respectively, symbolic states, symbolic actions,
and symbolic numbers, for 0 6 i 6 k and 1 6 j 6 fk(α). The formula
[Mα,ι]k, which encodes a rooted tree of k−paths of the model M , is defined
as follows:

[Mα,ι]k :=
∨
s∈ι

Is(w0,0) ∧
fk(α)∧
j=1

k∨
l=0

N=
l (uj) ∧

fk(α)∧
j=1

k−1∧
i=0

T (wi,j , ai+1,j ,wi+1,j)

We shall now proceed to define the quantifier-free first-order formula [α]M,k,
which encodes the bounded semantics of a ECCTL?K state formula α. The
main idea of this translation consists in translating every subformula ϕ
of α using only fk(ϕ) k-paths. To be clear, given a formula α and a set
Fk(α) = {j ∈ N | 1 6 j 6 fk(α)} of indices of k-paths, following [20], we
divide the set Fk(α) ⊂ N into subsets needed for translating the subformulae
of α. The partition process is based on the relation ≺ that is defined on
the power set of N as: A ≺ B iff for all natural numbers x and y, if x ∈ A
and y ∈ B, then x < y. Furthermore, it employs the following auxiliary
functions of [20]. Let A ⊂ N be a finite non-empty set, and n,m ∈ N ,
where m 6 |A|. Then,
• gl(A,m) denotes the subset B of A such that |B| = m and B ≺ A \B.
• gr(A,m) denotes the subset C of A such that |C| = m and A \ C ≺ C.
• gs(A) denotes the set A \ {min(A)}.
• if n divides |A| −m, then hp(A,m, n) denotes the sequence (B0, . . . , Bn)
of subsets of A such that

⋃n
j=0Bj = A, |B0| = . . . = |Bn−1|, |Bn| = m,

and Bi ≺ Bj for every 0 6 i < j 6 n.

We assume that hU
k (A,m)

df
= hp(A,m, k), and hR

k (A,m)
df
= hp(A,m, k+ 1).

Thus, if hU
k (A,m) = (B0, . . . , Bk), then hU

k (A,m)(j) denotes the set Bj , for
every 0 6 j 6 k. Similarly, if hR

k (A,m) = (B0, . . . , Bk+1), then hR
k (A,m)(j)

denotes the set Bj , for every 0 6 j 6 k + 1. For more details we refer to
[20].

In the definition of [α]M,k we assume the fundamental notation, the cru-
cial auxiliary quantifier-free first-order formulae and the auxiliary parti-
tion functions which have been introduced above. Next, we assume that
〈α〉[m,n,A]

k denotes the translation of a ECCTL?K state formula α at the
symbolic state wm,n by using the set A, and by [ϕ]

[m,n,A]
k we denote the
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translation of a ECCTL?K path formula ϕ along the n-th symbolic k-path
πn with starting point m by using the set A.

The quantifier-free first-order formula [α]M,k is defined as 〈α〉[0,0,Fk(α)]
k ,

where Fk(α) = {j ∈ N | 1 6 j 6 fk(α)}, and:

• 〈true〉[m,n,A]
k := true, • 〈false〉[m,n,A]

k := false,
• 〈p〉[m,n,A]

k := p(wm,n), • 〈¬p〉[m,n,A]
k := ¬p(wm,n),

• 〈α ∧ β〉[m,n,A]
k := 〈α〉[m,n,gl(A,fk(α))]

k ∧ 〈β〉[m,n,gr(A,fk(β))]
k ,

• 〈α ∨ β〉[m,n,A]
k := 〈α〉[m,n,gl(A,fk(α))]

k ∨ 〈β〉[m,n,gl(A,fk(β))]
k ,

•
〈
Kcα

〉[m,n,A]

k
:= Is ∧

∨k
j=0([α]

[j,n′,gs(A)]
k ∧Hc(wm,n,wj,n′)),

•
〈
DΓα

〉[m,n,A]

k
:= Is ∧

∨k
j=0([α]

[j,n′,gs(A)]
k ∧

∧
c∈ΓHc(wm,n,wj,n′)),

•
〈
EΓα

〉[m,n,A]

k
:= Is ∧

∨k
j=0([α]

[j,n′,gs(A)]
k ∧

∨
c∈ΓHc(wm,n,wj,n′)),

•
〈
CΓα

〉[m,n,A]

k
:=
〈∨k

j=1(EΓ)jα
〉[m,n,A]

k
,

•
〈
Cc1→c2α

〉[m,n,A]

k
:= Is ∧

∨k
j=0([α]

[j,n′,gs(A)]
k ∧ Sc1→c2(wm,n,wj,n′)),

•
〈
Cc1→Γα

〉[m,n,A]

k
:= Is ∧

∨k
j=0([α]

[j,n′,gs(A)]
k ∧

∧
c2∈Γ Sc1→c2(wm,n,wj,n′)),

• 〈Eϕ〉[m,n,A]
k := H(wm,n,w0,n′) ∧ [ϕ]

[0,n′,gs(A)]
k ,

• [α]
[m,n,A]
k := 〈α〉[m,n,A]

k ,
• [ϕ ∧ ψ]

[m,n,A]
k := [ϕ]

[m,n,gl(A,fk(ϕ))]
k ∧ [ψ]

[m,n,gr(A,fk(ψ))]
k ,

• [ϕ ∨ ψ]
[m,n,A]
k := [ϕ]

[m,n,gl(A,fk(ϕ))]
k ∨ [ψ]

[m,n,gl(A,fk(ψ))]
k ,

• [Xϕ]
[m,n,A]
k :=

{
[ϕ]

[m+1,n,A]
k , if m < k∨k−1
l=0 (Llk(πn) ∧ [ϕ]

[l+1,n,A]
k ), if m = k

• [ϕUψ]
[m,n,A]
k :=

∨k
j=m([ψ]

[j,n,hUk (A,fk(ψ))(k)]

k ∧
∧j−1
i=m[ϕ]

[i,n,hUk (A,fk(ψ))(i)]

k

)
∨(∨m−1

l=0

(
Llk(πn)

)
∧
∧k
i=m[ϕ]

[i,n,hUk (A,fk(ψ))(i)]

k ∧
∨m−1
j=0

(
N>
j (un)∧

[ψ]
[j,n,hUk (A,fk(ψ))(k)]

k ∧
∧j−1
i=0 (N>

i (un)→ [ϕ]
[i,n,hUk (A,fk(ψ))(i)]

k )
))

,

• [ϕRψ]
[m,n,A]
k :=

∨k
j=m

(
[ϕ]

[j,n,hRk (A,fk(ϕ))(k+1)]

k ∧
∧j
i=m[ψ]

[i,n,hRk (A,fk(ϕ))(i)]

k

)
∨
(∨m−1

l=0 (Llk(πn)) ∧
∨m
j=0

(
N>
j (un) ∧ [ϕ]

[j,n,hRk (A,fk(ϕ))(k+1)]

k ∧∧j−1
i=0 (N>

i (un)→ [ψ]
[i,n,hRk (A,fk(ϕ))(i)]

k ) ∧
∧k
i=m[ψ]

[i,n,hRk (A,fk(ϕ))(i)]

k

))
∨(∨k−1

l=0

(
Llk(πn)

)
∧
∧m−1
j=0

(
N>j (un)→ [ψ]

[j,n,hRk (A,fk(ϕ))(j)]

k

)
∧∧k

j=m[ψ]
[j,n,hRk (A,fk(ϕ))(j)]

k

)
.

where n′ = min(A), and Is denotes the formula
∨
s∈ι Is(w0,min(A)).
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3.4. Correctness and completeness of the translation. Let V : PV →
N be a valuation of individual variables ranging over the non-negative integer
numbers (a valuation for short). To prove the correctness of the translation
we have to show that for each valuation V , if V satisfies the translation of
a ECCTL?K formula for some k ∈ N, then this formula is k-true along the
k-path corresponding to the valuation V .

Before we formulate the appropriate lemmas, let us first introduce the
following auxiliary notations:
• For every m, a, b ∈ N+, each valuation V induces the following functions:
– S : SV m → Nm defined as: S((w1, . . . , wm)) = ((V (w11), . . . , V (w1a)),
. . . , (V (wm1), . . . , V (wmb

)),
– A : AV m → Nm defined as: A((a1, . . . , am)) = (V (a1), . . . , V (am)).
• Let A = {j ∈ N | 1 6 j 6 n} be a finite set of indexes of symbolic k-
paths, for some n ∈ N. The unfolding of the transition relation, denoted
[M ]Ak , is defined as:

[M ]Ak :=
∧
j∈A

k∨
l=0

N=
l (uj) ∧

∧
j∈A

k−1∧
i=0

T (wi,j , ai+1,j ,wi+1,j)

Thus, for an ECCTL?K state formula α, and Fk(α) = {j ∈ N | 1 6 j 6

fk(α)}, we have [Mα,ι]k =
∨
s∈ι Is(w0,0) ∧ [M ]

Fk(α)
k .

• For every ECCTL?K state subformula β of α, the symbol 〈β〉[α,m,n,A]
k

denotes the quantifier-free first-order formula [M ]
Fk(α)
k ∧ 〈β〉[m,n,A]

k .
• For every ECCTL?K path subformula ϕ of α, the symbol [ϕ]

[α,m,n,A]
k

denotes the quantifier-free first-order formula [M ]
Fk(α)
k ∧ [ϕ]

[m,n,A]
k .

• The notation V  ξ means that the valuation V satisfies the quantifier-free
first-order formula ξ.
Taking into account the above, we write s |=k α instead of M, s |=k α,

πml |=k ϕ instead of M,πml |=k ϕ, si,j instead of S(wi,j), ai,j instead of
A(ai,j), and lj instead of V (uj).

Lemma 7 (Correctness of the translation). Let M be a model, α be a
ECCTL?K state formula and k ∈ N. For every subformula ϕ of the formula
α, every (m,n) ∈ {0, . . . , k}×Fk(α), every A ⊆ Fk(α)\{n} such that |A| =
fk(ϕ), and every valuation V , the following condition holds: V  [ϕ]

[α,m,n,A]
k

implies ((s0,n, . . . , sk,n), ln)m |=k ϕ.

Proof. For convenience, by πl we denote the k-path ((s0,n, . . . , sk,n), ln).
A. ϕ = true | false | p | ¬p | ψ1 ∧ ψ2 | ψ1 ∨ ψ2 | Eψ | Xψ | ψ1Uψ2 | ψ1Rψ2,

where p ∈ PV – see Lemma 3.3 of [20].
B. ϕ = Kcψ | DΓψ | EΓψ | CΓψ – see Lemma 4.1 of [17]
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C. ϕ = Cc1→c2ψ. Let n′ = min(A), and π̃l′ = ((s0,n′ , . . . , sk,n′), ln′)

such that s0,n′ ∈ ι. From V  [Cc1→c2ψ]
[α,m,n,A]
k , we obtain that V 〈

Cc1→c2ψ
〉[α,m,n,A]

k
. Thus, we have

V 
∨
s∈ι Is(w0,n′) ∧

∨k
j=0([ψ]

[α,j,n′,gs(A)]
k ∧ Sc1→c2(wm,n,wj,n′)).

Since V Sc1→c2(wm,n,wj,n′) holds, we have sm,n ∼c1→c2 sj,n′ , for
some 0 6 j 6 k. Next, by inductive hypotheses, we have π̃jl′ |=k ψ

for some 0 6 j 6 k. Therefore, we get sm,n |= Cc1→c2ψ. Thus,
πml |=k Cc1→c2ψ, for sm,n = π(m).

D. ϕ = Cc1→Γψ. Let n′ = min(A), and π̃l′ = ((s0,n′ , . . . , sk,n′), ln′) such
that s0,n′ ∈ ι. From V  [Cc1→Γψ]

[α,m,n,A]
k , we obtain that V 〈

Cc1→Γψ
〉[α,m,n,A]

k
. Thus, we have

V 
∨
s∈ι Is(w0,n′) ∧

∨k
j=0([ψ]

[α,j,n′,gs(A)]
k ∧

∧
c2∈Γ Sc1→Γ(wm,n,wj,n′)).

Since V Sc1→c2(wm,n,wj,n′) holds for all c2 ∈ Γ, we have sm,n ∼c1→c2

sj,n′ , for some 0 6 j 6 k and for all c2 ∈ Γ. Next, by inductive
hypotheses, we have π̃jl′ |=k ψ for some 0 6 j 6 k. Therefore, we get
sm,n |= Cc1→Γψ. Thus, πml |=k Cc1→Γψ, for sm,n = π(m).

�

Lemma 8 (Correctness of the translation of state formulae). Let M be
a model, α be an ECCTL?K state formula and k ∈ N. For every subfor-
mula β of the formula α, every A ⊆ Fk(α) such that |A| = fk(β), and
every valuation V , the following condition holds: V  〈β〉[α,m,n,A]

k implies
S(wm,m) |=k β.

Proof. We omit the proof since it is analogous to the proof of Lemma 7. �

Let V ar(B) denotes the set of all the individual variables appearing in
all the symbolic states of all the symbolic k-paths whose indices are taken
from the set B. Notice that if B∩C = ∅, then V ar(B)∩V ar(C) = ∅. This
property is used in the proof of the following lemma. Moreover, for every
valuation V and every set of indices B, by V ↑B we denote the restriction
of the valuation V to the set V ar(B).

Lemma 9 (Completeness of the translation). Let M be a model, k ∈ N,
and α be an ECCTL?K state formula such that fk(α) > 0. For every
subformula ϕ of the formula α, every (m,n) ∈ {(0, 0)}∪{0, . . . , k}×Fk(α),
every A ⊆ Fk(α) \ {n} such that |A| = fk(ϕ), and every k-path πl, the
following condition holds: πml |=k ϕ implies that there exists a valuation V
such that πl = ((s0,n, . . . , sk,n), ln) and V  [ϕ]

[α,m,n,A]
k .
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Proof. First, let us note that given an ECCTL?K state formula α, and non-
negative integer numbers k, m, n with 0 6 m 6 k and n ∈ Fk(α), there
exist a valuation V such V  [M ]

Fk(α)
k , sinceM has no terminal states. Now

we proceed by induction on the complexity of ϕ. Let n ∈ Fk(α), A be a set
such that A ⊆ Fk(α) \ {n} and |A| = fk(ϕ), πl be a k-path in M , and
m be a non-negative integer number such that 0 6 m 6 k. Suppose that
M,πml |=k ϕ and consider the following cases:
A. ϕ = true | false | p | ¬p | ψ1 ∧ ψ2 | ψ1 ∨ ψ2 | Eψ | Xψ | ψ1Uψ2 | ψ1Rψ2,

where p ∈ PV – see Lemma 3.5 of [20].
B. ϕ = Kcψ. Since M,πml |=k Kcψ, we have M,π(m) |=k Kcψ. Thus,

there exists a k-path π′l′ and there exists 0 6 i 6 k such that π(m) ∼c

π′(i) and M,π′il′ |=k ψ. By inductive hypothesis and the definition of
formula Hc, there exists a valuation V ′ such that V ′ [M ]

Fk(α)
k and

V ′ [ψ]
[i,min(A),gs(A)]
k ∧Hc(wm,n,wi,min(A)) for some 0 6 i 6 k. Thus,

we have

V ′
k∨
i=0

(
[ψ]

[i,min(A),gs(A)]
k ∧Hc(wm,n,wi,min(A))

)
.

Further, since π′l′ ∈
⋃
s0∈ι Πk(s

0), we have π′l′(0) = s0 for some s0 ∈ ι.
By the definition of the formula I, we get V ′

∨
s0∈ι Is0(w0,min(A)).

Therefore, we have V ′
∨
s0∈ι Is0(w0,min(A))∧

∨k
i=0

(
[ψ]

[i,min(A),gs(A)]
k ∧

Hc(wm,n,wi,min(A))
)
, which implies that V ′ [Kcψ]

[m,n,A]
k . Since

min(A) 6∈ gs(A) and n 6∈ A, there exists a valuation V such that
V ↑gs(A) = V ′ ↑gs(A) and moreover V  [M ]

Fk(α)
k and V  [Kcψ]

[m,n,A]
k .

Therefore we get, V  [Kcψ]
[α,m,n,A]
k .

C. ϕ = CΓψ | DΓψ | EΓψ. This can be proven analogously to the above
case.

D. ϕ = Cc1→c2ψ. Since M,πml |=kCc1→c2ψ, we have M,π(m) |=kCc1→c2ψ.
Thus, there exists a k-path π′l′ and there exists 0 6 i 6 k such that
π(m) ∼c1→c2 π′(i) and M,π′il′ |=k ψ. By inductive hypothesis and
the definition of formula Sc1→c2 , there exists a valuation V ′ such that
V ′ [M ]

Fk(α)
k and V ′ [ψ]

[i,min(A),gs(A)]
k ∧Sc1→c2(wm,n,wi,min(A)) for

some 0 6 i 6 k. Thus, we have

V ′
k∨
i=0

(
[ψ]

[i,min(A),gs(A)]
k ∧ Sc1→c2(wm,n,wi,min(A))

)
.

Further, since π′l′ ∈
⋃
s0∈ι Πk(s

0), we have π′l′(0) = s0 for some s0 ∈ ι.
By the definition of the formula I, we get V ′

∨
s0∈ι Is0(w0,min(A)).



180 B. WOŹNA-SZCZEŚNIAK AND I. SZCZEŚNIAK

Therefore, we have V ′
∨
s0∈ι Is0(w0,min(A))∧

∨k
i=0

(
[ψ]

[i,min(A),gs(A)]
k ∧

Sc1→c2(wm,n,wi,min(A))
)
, which implies that V ′ [Cc1→c2ψ]

[m,n,A]
k .

Since min(A) 6∈ gs(A) and n 6∈ A, there exists a valuation V such
that V ↑gs(A) = V ′ ↑gs(A) and V  [M ]

Fk(α)
k and V  [Cc1→c2ψ]

[m,n,A]
k .

Therefore we get, V  [Cc1→c2ψ]
[α,m,n,A]
k .

E. ϕ = Cc1→Γψ. This can be proven analogously to the above case.
�

Lemma 10 (Completeness of the translation of state formulae). Let M be
a model, s a state of M , k ∈ N, and α an ECCTL?K state formula. For
every state subformula β of the formula α, and every A ⊆ Fk(α) such that
|A| = fk(β), the following condition holds: if M, s |=k β, then there exists
a valuation V such that S(w0,0) = s and V  〈β〉[α,0,0,A]

k .

Proof. We proceed by induction on the complexity of α.
A. β = true | false | p | ¬p | β1 ∧ β2 | β1 ∨ β2 | Eβ1, where p ∈ PV – see

Lemma 3.6 of [20].
B. β = Kcβ2 | CΓβ2 | DΓβ2 | EΓβ2 – see Lemma 4.4 of [17].
C. β = Cc1→c2ψ. Let A ⊆ Fk(α) be a set such that |A| = fk(β), n′ ∈

Fk(α), n′ /∈ A, and let π′l = ((S′(w0,n′), . . . ,S′(wk,n′)), V (un′)) be a
k-path such that S′(w0,n′) = s for some valuation V ′ and 0 6 i 6 k.
The assumption that M, s |=k Cc1→c2ψ means that there exists a k-
path πl ∈ Πk and there exists 0 6 j 6 k such that M,πjl |=k ψ and
s ∼c1→c2 π(j). Now, let n = min(A). By Lemma 9 and the defini-
tion of the translation it follows that there exists a valuation V ′′ such
that πl = ((S′′(w0,n), . . . ,S′′(wk,n)), V ′′(un)), and V ′′ [ψ]

[α,j,n,gs(A)]
k

for some 0 6 j 6 k. Since n 6= 0, n′ 6= 0, n 6= n′, s ∼c1→c2 π(j), and
πl ∈ Πk, there exists a valuation V such that S(w0,n′) ∼c1→c2 S(wj,n),
S(w0,0) = S(w0,n′), S(w0,n) ∈ ι, πl = ((S(w0,n), . . . ,S(wk,n)), V (un)),
and V  [ψ]

[α,j,n,gs(A)]
k for some 0 6 j 6 k. From S(w0,n′) ∼c1→c2

S(wj,n), we have V Sc1→c2(w0,n′ ,wj,n) for 0 6 j 6 k. From S(w0,n) ∈
ι, we have V  IS(w0,n)(w0,n), which implies that V 

∨
s∈ι Is(w0,n).

Therefore, we have

V 
∨
s∈ι

Is(w0,n) ∧
k∨
j=0

(Sc1→c2(w0,n′ ,wj,n) ∧ [ψ]
[α,j,n,gs(A)]
k )

Thus, V 
〈
Cc1→c2ψ

〉[α,0,n′,gs(A)]

k
. Since S(w0,0) = S(w0,n′) = s, we

have V 
〈
Cc1→c2ψ

〉[α,0,0,gs(A)]

k
.

D. β = Cc1→Γψ. Let A ⊆ Fk(α) be a set such that |A| = fk(β), n′ ∈ Fk(α),
n′ /∈ A, and let π′l = ((S′(w0,n′), . . . ,S′(wk,n′)), V (un′)) be a k-path
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such that S′(w0,n′) = s for some valuation V ′ and 0 6 i 6 k. The as-
sumption that M, s |=k Cc1→Γψ means that there exists a k-path πl ∈
Πk and there exists 0 6 j 6 k such that M,πjl |=k ψ and s ∼c1→c2 π(j)
for all c2 ∈ Γ. Now, let n = min(A). By Lemma 9 and the defini-
tion of the translation it follows that there exists a valuation V ′′ such
that πl = ((S′′(w0,n), . . . ,S′′(wk,n)), V ′′(un)), and V ′′ [ψ]

[α,j,n,gs(A)]
k

for some 0 6 j 6 k. Since n 6= 0, n′ 6= 0, n 6= n′, s ∼c1→c2 π(j)
for all c2 ∈ Γ, and πl ∈ Πk, there exists a valuation V such that
S(w0,n′) ∼c1→c2 S(wj,n) for all c2 ∈ Γ, S(w0,0) = S(w0,n′), S(w0,n) ∈ ι,
πl = ((S(w0,n), . . . ,S(wk,n)), V (un)), and V  [ψ]

[α,j,n,gs(A)]
k for some

0 6 j 6 k. From S(w0,n′) ∼c1→c2 S(wj,n) for all c2 ∈ Γ, we have
V 

∧
c2∈Γ Sc1→c2(w0,n′ ,wj,n) for 0 6 j 6 k. From S(w0,n) ∈ ι, we

have V  IS(w0,n)(w0,n), which implies that V 
∨
s∈ι Is(w0,n). There-

fore, we have

V 
∨
s∈ι

Is(w0,n) ∧
k∨
j=0

(
∧
c2∈Γ

Sc1→c2(w0,n′ ,wj,n) ∧ [ψ]
[α,j,n,gs(A)]
k )

Thus, V 
〈
Cc1→Γψ

〉[α,0,n′,gs(A)]

k
. Since S(w0,0) = S(w0,n′) = s, we have

V 
〈
Cc1→Γψ

〉[α,0,0,gs(A)]

k
.

�

The correctness of the SMT-based translation scheme for ECCTL?K is
guaranteed by the following theorem.

Theorem 2. Let M be a model and α be an ECCTL?K state formula.
Then for every k ∈ N and for every s ∈ ι, M, s |=k α if, and only if, the
quantifier-free first-order formula [M,α]k is satisfiable.

Proof. (=⇒) Let k ∈ N, s ∈ ι and M, s |=k α. By Lemma 10 it follows that
there exists a valuation V such that S(w0,0) = s and V  〈α〉[α,0,0,Fk(α)]

k .
Hence, V 

∨
s∈ι Is(w0,0) and V  〈α〉[α,0,0,Fk(α)]

k . Thus V  [M,α]k.
(⇐=) Let k ∈ N and [M,α]k is satisfiable. Thus, there exists a valua-
tion V such that V  [M,α]k. So, V 

∨
s∈ι Is(w0,0) and V  [M ]

Fk(α)
k ∧

〈α〉[0,0,Fk(α)]
k . Hence, S(w0,0) is an initial state of M . Moreover, by Lemma

8 it follows that M,S(w0,0) |=k α. Thus, M, s |=k α and s ∈ ι. �

4. Example - the NB protocol

The NetBill (NB) protocol [15] is an electronic commerce protocol for
buying and selling of goods on the Internet. There are three active compo-
nents in the scenario: the customer, the merchant, and the communication
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channel [10]. Specifically, the protocol begins with the customer requesting
a price for some desired goods (e.g. lego bricks). This request is followed by
the merchant’s reply with sending an offer (the price quote), which means
creating a commitment. The customer can then either reject the offer and
the protocol moves to the initial state after passing through a releasing offer
state, or accept the offer, which means creating a payment commitment in
relation to the merchant. At this state, the customer has two possibilities:
(1) to fulfill his commitment by sending the payment to the merchant; (2)
to withdraw his commitment and the protocol will move to the initial state
after passing through a releasing offer state. When the merchant receives
the payment, he has two possibilities: (1) he commits to deliver the re-
quested goods to the customer. The merchant can fulfill his commitment
by delivering the requested goods to the customer, and then sending the re-
ceipt to the customer. After that the protocol moves to the initial state; (2)
he withdraws his offer. In this case, the merchant violates his commitment,
and then the protocol moves to the initial state after sending the refund to
the customer.

4.1. Modelling the NB protocol. In line with the spirit of the inter-
preted systems formalism, it is convenient to see the customer (Cus) and
the merchant (Mer) as agents, and the communication channel as the envi-
ronment E . Thus A = {Mer,Cus} is the set of agents of the NB protocol.
Each agent of the NB protocol can be modelled by considering its finite
set of local states, finite set of local non-negative integer variables, finite
set of local actions, local protocol, local evolution function, and local val-
uation function, i.e., the associated commitment interpreted system is the
following:

C = ({Lc, V arc, Actc, Pc, tc,Vc}c∈A∪{E}, ι)
where
• LCus = {c0, . . . , c9}, LMer = {m0, . . . ,m9}. The meaning of local states
is the following:
– c0 - initiate the contract by placing the price request
– c1 - wait for the merchant’s offer
– c2 - make a decision on the acceptance or on the rejection of the offer
– c3 - make a decision on the payment or on the non-payment
– c4 - the offer is rejected and the contract is violated
– c5 - wait for the merchant to deliver offered goods
– c6 - wait for the merchant to send the receipt
– c7 - the contract is fulfilled successfully
– c8 - wait for the merchant to send the refund
– c9 - receive the refund from the merchant; the contract is violated

by the merchant
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– m0 - wait for the price request from the Customer
– m1 - make an offer
– m2 - wait for the Customer to send back the notification about the

acceptance or the rejection of the offer
– m3 - wait for the payment
– m4 - the offer is rejected and the contract is violated by the customer
– m5 - make a decision on the delivering or on non-delivering goods
– m6 - send the receipt to the Customer
– m7 - the contract is fulfilled successfully
– m8 - violate the contract and send the refund
– m9 - end of the transaction violated by the merchant

• For simplicity, we shall take the local states of the environment to be just
a singleton: LE = {·}. This is to simplify the presentation.
• the sets of natural (non-negative) variables available to the agents are:
V arCus = {x1}, V arMer = {x1}. The variable x1 represents the commu-
nication channel between Cus and Mer.
• the sets of local actions are:
– ActCus = {PriceRequest, Payment, notPayment, Accept, Reject,
terminateC , εC}, where εC stands for the null action.

– ActMer = {Offer, notDeliver,Refund,Deliver,Receipt, terminateM ,
εM}, where εM stands for the null action.

– ActE = {�}, where � represents the action in which the channel
transmits any message successfully in both directions. For simplicity,
we assume that the channel always works properly.

Thus, Act = ActCus ×ActMer ×ActE .
• the local protocols of the agents are:
– PCus(c0) = {PriceRequest}, PCus(c2) = {Accept, Reject};
PCus(c3) = {Payment, notPayment}; PCus(c4) = {terminateC};
PCus(ci) = {εC} with i = 1, 5, 6, 7, 8, 9;

– PMer(m1) = {Offer}; PMer(m5) = {Deliver, notDeliver};
PMer(m6) = {Receipt}; PMer(m7) = {terminateM};
PMer(m8) = {Refund}; PMer(mi) = {εM} with i = 0, 2, 3, 4, 9;

• the local protocol of the environment is: PMer(·) = {�};
• Let ε be the joint null action (i.e., the action composed of the null actions
only), state denote a local state of an agent, a ∈ Act, actC(a) denote an
action of Cus, actM (a) denote an action of Mer, and actnb(a) denote an
action of NB. We assume the following local evolution functions.
The customer:
– tCus(state, ·, a) = state if a 6= ε and actC(a) = εC , and · ∈ LNB.
– tCus(c0, ·, a) = c1 if and actC(a) = priceReques.
– tCus(c1, ·, a) = c2 if and actM (a) = Offer.
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– tCus(c2, ·, a) = c3 if and actC(a) = Accept.
– tCus(c2, ·, a) = c4 if and actC(a) = Reject.
– tCus(c3, ·, a) = c5 if and actC(a) = Paymen.
– tCus(c5, ·, a) = c6 if and actM (a) = Deliver.
– tCus(c6, ·, a) = c7 if and actM (a) = Receipt.
– tCus(c5, ·, a) = c8 if and actM (a) = notDeliver.
– tCus(c8, ·, a) = c9 if and actM (a) = Refund.
– tCus(c4, ·, a) = c0 if and actC(a) = terminateC .
– tCus(c7, ·, a) = c0 if and actM (a) = terminateM .
– tCus(c9, ·, a) = c0 if and actM (a) = terminateM .

The merchant:

– tMer(state, ·, a) = state if a 6= ε and actM (a) = εC , and · ∈ LNB.
– tMer(m7, ·, a) = m0 if actM (a) = terminateM .
– tMer(m4, ·, a) = m0 if actC(a) = terminateC .
– tMer(m0, ·, a) = m1 if actC(a) = priceRequest.
– tMer(m1, ·, a) = m2 if actM (a) = Offer.
– tMer(m2, ·, a) = m3 if actC(a) = Accept.
– tMer(m2, ·, a) = m4 if actC(a) = Reject.
– tMer(m3, ·, a) = m5 if actC(a) = Payment.
– tMer(m5, ·, a) = m6 if actM (a) = Deliver.
– tMer(m6, ·, a) = m7 if actM (a) = Receipt.
– tMer(m5, ·, a) = m8 if actM (a) = notDeliver.
– tMer(m8, ·, a) = m9 if actM (a) = Refund.

The environment:

– tE(·, a) = · if a 6= ε and actnb(a) =�.

The set of possible global states S for the NB protocol is defined as the
product LCus×LMer×LE . Moreover, we consider the following set of initial
states ι = {(c0,m0, ·)}.

Furthermore, in the Kripke model of the NB protocol, we assume the
following set of proposition variables:

PV = {Payed,Deliver,Accept}
with the following interpretation:
(M, s) |= Accept if lCus(s) = c3 and lMer = m3

(M, s) |= Payed if lCus(s) = c5 and lMer = m5,
(M, s) |= Deliver if lCus(s) = c6 and lMer = m6.
Some temporal and social properties we may be interested in checking

for the example above are the following:

(1) ϕ1 = AG(Payed → FDeliver) - whenever Cus pays for the goods,
then the goods will eventually be delivered.
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(2) ϕ2 = AG(CCus→MerAccept → FPayed) - whenever Cus commits
towards Mer that he accept the offer, then Cus will eventually pay
for the offer.

(3) ϕ3 = AG(CCus→MerPayed → FDeliver) - whenever Cus commits
towards Mer that he pays for the goods then Cus will eventually
receive the goods.

Note that we specify each property for the considered NB protocol in the
universal form by an ACCTL?K formula, for which we verify the corre-
sponding counterexample formula, i.e., the negated universal formula in
ECCTL?K which is interpreted existentially. Moreover, for every specifi-
cation given, there exists a counterexample, i.e., the ECCTL?K formula
specifying the counterexample holds in the model of the scenario.

Having the above modelling of the NB protocol, we can easily infer the
quantifier-free first-order formulae that encode both the model and all the
properties mentioned above. Further, checking that the NB satisfies the
properties 1–3 can now be done by feeding a SMT solver with the proposi-
tional formulae generated in the way explained above.

5. Conclusions

Bounded model checking to be applicable in practice can be combined
with a translation of the model checking problem to the SAT problem, or
to the SMT problem. In [18] the authors proposed a SAT-based BMC for
ECCTL?K and for CIS, however they did not show its correctness and com-
pleteness. In this paper we introduced the SMT-based BMC for ECCTL?K
and for CIS, and we proved its correctness and completeness. The proof
can be easily adapted to the SAT settings. Therefore, this work should also
be considered as a supplement of the corresponding BMC methods that is
based on SAT.

Our future work include an implementation of both BMC algorithms (i.e.,
based on SAT and SMT), a careful evaluation of experimental results to be
obtained, and a comparison of the both methods.
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A COMPARISON OF SMT-SOLVERS FOR TIMED
WEIGHTED INTERPRETED SYSTEMS

AGNIESZKA M. ZBRZEZNY

Abstract

We compare four SMT-solvers for the same SMT-based bounded model checking al-
gorithm for multi-agent systems modelled by timed weighted interpreted systems and for
properties expressed in the existential fragment of epistemic weighted linear-time tempo-
ral logic (WELTLK). To this end, we use the timed weighted generic pipeline paradigm
(TWGPP) and the timed weighted train controller system (TWTCS). We consider sev-
eral properties of the problems that can be expressed in WELTLK, and we present the
performance evaluation of the mentioned bounded model checking method using four
different SMT-solvers: Z3, Yices, CVC4 and Mathsat, by means of the running time and
the memory used.

1. Introduction

Model checking [6] is an automatic verification technique for concurrent
systems. To be able to check automatically whether the system satisfies
a given property, one must first create a model of the system, and then
describe in a formal language both the created model and the property.
Bounded model checking (BMC) for multi-agent systems (MAS) is a sym-
bolic model checking method. It uses a reduction of the problem of truth of,
among others, an epistemic formula [8] in a model of MAS to the problem
of satisfiability of formulae. The reduction is typically to SAT, but more
recently to SMT.

Weighted formalisms are well known in the model checking research area
[4, 9] to reason about resource requirements. Another quantitative dimen-
sion is the temporal duration of actions. In this area were considered: the
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timed automata [1] the timed interpreted systems [10], and the weighted
timed automata [4].

We choose the bounded model checking method for TWIS and WELTLK
because it is one of most complicated SMT-BMC methods we developed.
In our previous methods we used only Z3 SMT-solver, which is one of the
best SMT-solvers, but we would like to check other SMT-solvers.

In this paper, we make the following contributions. Firstly, we recall the
SMT-based BMCmethod for WELTLK and for TWISs. Secondly, we report
on the initial experimental evaluation of our SMT-based BMC method and
analyse the results.

2. Preliminaries

2.1. SMT-solvers. We chose only four SMT-solvers which support SMT-
LIBv2 and logic QF_LIA (quantifier-free linear integer arithmetic) and
were submitted to The 11th International Satisfiability Modulo Theories
Competition http://smtcomp.sourceforge.net/2016/.

2.1.1. Z3. Z3 is a state-of-the art theorem prover from Microsoft Research.
It can be used to check the satisfiability of logical formulas over one or more
theories. Z3 offers a compelling match for software analysis and verification
tools, since several common software constructs map directly into supported
theories. Z3 is a low level tool. It is best used as a component in the
context of other tools that require solving logical formulas. Consequently,
Z3 exposes a number of API facilities to make it convenient for tools to
map into Z3, but there are no stand-alone editors or user-centric facilities
for interacting with Z3. The language syntax used in the front ends favor
simplicity in contrast to linguistic convenience [3] (https://github.com/
Z3Prover/z3/wiki).

2.1.2. Yices 2. The winner of SMT-COMP 2016 in the application track for
QF_LIA. Yices 2 is an SMT solver that decides the satisfiability of formulas
containing uninterpreted function symbols with equality, real and integer
arithmetic, bitvectors, scalar types, and tuples. Yices 2 supports both linear
and nonlinear arithmetic. Yices 2 can process input written in the SMT-LIB
notation (both versions 2.0 and 1.2 are supported). Alternatively, Yices 2
have its own specification language, which includes tuples and scalar types
[7] (http://yices.csl.sri.com/).

2.1.3. MathSAT. MathSAT 5 is the successor of MathSAT 4, supporting a
wide range of theories (including e.g. equality and uninterpreted functions,
linear arithmetic, bit-vectors, and arrays) and functionalities (including e.g.
computation of Craig interpolants, extraction of unsatisfiable cores, gener-
ation of models and proofs, and the ability of working incrementally) [5]
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(http://mathsat.fbk.eu/). MathSAT 5 is a joint project of Fondazione
Bruno Kessler and DISI-University of Trento.

2.1.4. CVC4. The winner of SMT-COMP 2016 in the main track for
QF_LIA. CVC4 is an efficient open-source automatic theorem prover for
satisfiability modulo theories (SMT) problems. It can be used to prove the
validity (or, dually, the satisfiability) of first-order formulas in a large num-
ber of built-in logical theories and their combination. CVC4 is the fourth in
the Cooperating Validity Checker family of tools (CVC, CVC Lite, CVC3)
but does not directly incorporate code from any previous version. A joint
project of NYU and U Iowa, CVC4 aims to support the features of CVC3
and SMT-LIBv2 while optimizing the design of the core system architec-
ture and decision procedures to take advantage of recent engineering and
algorithmic advances [2] (http://cvc4.cs.nyu.edu/).

2.2. Timed Weighted Interpreted Systems. Timed Weighted Inter-
preted Systems were proposed in [12] to extend interpreted systems (ISs)
in order to make possible reasoning about real-time aspects of MASs and
to extend ISs to make the reasoning possible about not only temporal and
epistemic properties, but also agents’s quantitative properties. In the for-
malism of interpreted systems, each agent is characterised by a set of local
states and by a set of local actions that are performed following a local
protocol. Given a set of initial states, the system evolves in compliance
with an evolution function that determines how the local state of an agent
changes as a function of its local state and of the other agents actions.
The evolution of all the agents local states describes a set of runs and a
set of reachable states. These can be used to interpret formulae involving
temporal operators, epistemic operators to reason about what agents know.

Let IN be a set of natural numbers, and IN+ = IN \ {0}. We assume a
finite set X of variables, called clocks. Each clock is a variable ranging over
a set of non-negative natural numbers. For x ∈ X , ./∈ {<,≤,=, >,≥},
c ∈ IN we define a set of clock constraints over X , denoted by C(X ), The
constraints are conjunctions of comparisons of a clock with a time constant
c from the set of natural numbers IN, generated by the following grammar:

cc := true | x ./ c | cc ∧ cc.
A clock valuation v of X is a total function from X into the set of natu-
ral numbers. The set of all the clock valuations is denoted by INX . For
X ′ ⊆ X , the valuation which assigns the value 0 to all clocks is defined as:
∀x∈X ′v′(x) = 0 and ∀x∈X\X ′v′(x) = v(x). For v ∈ INX , succ(v) is the clock
valuation of X that assigns the value v(x) + 1 to each clock x. A clock
valuation v satisfies a clock constraint cc, written as v |= cc, iff cc evaluates
to true using the clock values given by v.
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Let A = {1, . . . , n} denote a non-empty and finite set of agents, and E be
a special agent that is used to model the environment in which the agents
operate, and AP =

⋃
i∈A∪{E}AP i be a set of atomic formulae, such that

AP i1

⋂
AP i2 = ∅ for all i1, i2 ∈ A ∪ {E}.

2.3. TWISs. A timed weighted interpreted system is a tuple ({Li, Acti,Xi,
Pi,Vi, Ii, di}i∈A∪{E}, {ti}i∈A, {tE}, ι), where Li is a non-empty set of local
states of the agent i, ι ⊆ S is a non-empty set of initial states, Acti is a non-
empty set of possible actions of the agent i, Act = Act1× . . .×Actn×ActE
is the set of joint actions, Xi is a non-empty set of clocks, Pi : Li → 2Acti

is a protocol function, ti : Li × LE × C(Xi) × 2Xi × Act → Li is a (partial)
evolution function for agents, tE : LE × C(XE) × 2XE × Act → LE is a
(partial) evolution function for environment, Vi : Li → 2APi is a valuation
function assigning to each local state a set of propositional variables that are
assumed to be true at that state, Ii: Li → C(Xi) is an invariant function,
that specifies the amount of time the agent i may spend in a given local
state, and di : Acti → IN is a weight function.

We assume that if εi ∈ Pi(li), then ti(li, lE , ϕi,X , (a1, . . . , an, aE)) = li for
ai = εi, any ϕi ∈ C(X ), and any X ∈ 2Xi . An element < li, lE , ϕi,X , a, l′i >
represents a transition from the local state li to the local state l′i of agent i
labelled with action a. The invariant condition allows the TWIS to stay at
the local state l as long only as the constraint Ii(li) is satisfied. The guard
ϕ has to be satisfied to enable the transition.

2.4. Timed Weighted Model. For a given TWIS we define a timed
weighted model (or amodel) as a tupleM = (Act, S, ι, T,V, d), where: Act =
Act1×. . .×Actn×ActE is the set of all the joint actions, S =

∏
i∈A∪{E}(Li×

INXi) is the set of all the global states, ι =
∏

i∈A∪{E}(ιi×{0}Xi) is the set of
all the initial global states, V : S → 2AP is the valuation function defined
as V(s) =

⋃
i∈A∪{E} Vi(li(s)), T ⊆ S× (Act∪ IN)×S is a transition relation

defined by action and time transitions. For a ∈ Act and δ ∈ IN: action tran-
sition is defined as (s, a, s′) ∈ T (or s a−→ s′) iff for all i ∈ A∪E , there exists
a local transition ti(li(s), ϕi,X ′, a) = li(s

′) such that vi(s) |= ϕi ∧ I(li(s))
and v′i(s

′) = vi(s)[X ′ := 0] and v′i(s
′) |= I(li(s

′)); time transition is defined
as (s, δ, s′) ∈ T iff for all i ∈ A ∪ E , li(s) = li(s

′) and v′i(s
′) = vi(s) + δ and

v′i(s
′) |= I(li(s

′)). The “joint” weight function d : Act → IN is defined as
follows: d((a1, . . . , an, aE)) = d1(a1) + . . .+ dn(an) + dE(aE).

Given a TWIS, one can define for any agent i the indistinguishability
relation ∼i⊆ S × S as follows: s ∼i s

′ iff li(s
′) = li(s) and vi(s′) ' vi(s).

We assume the following definitions of epistemic relations: ∼EΓ
def
=
⋃

i∈Γ ∼i,

∼CΓ
def
= (∼EΓ )+ (the transitive closure of ∼EΓ ), ∼DΓ

def
=
⋂

i∈Γ ∼i, where Γ ⊆ A.
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A run in M is an infinite sequence ρ = s0
δ0,a0−→ s1

δ1,a1−→ s2
δ2,a2−→ . . . of

global states such that the following conditions hold for all i ∈ IN : si ∈
S, ai ∈ Act, δi ∈ IN+, and there exists s′i ∈ S such that (si, δi, s

′
i) ∈ T and

(si, ai, si+1) ∈ T . The definition of a run does not permit two consecutive
joint actions to be performed one after the other, i.e., between each two
joint actions some time must pass; such a run is called strongly monotonic.

2.5. Abstract model. The set of all the clock valuations is infinite which
means that a model has an infinite set of states. We need to abstract the
proposed model before we can apply the bounded model checking technique.
Let ci be the largest constant appearing in any enabling condition or state
invariants of agent i, and v, v′ ∈ IN|X | be two clock valuations. We say that
v 'i v

′ iff the following condition holds for each x ∈ Xi:
v(x) > ci and v′(x) > ci or v(x) ≤ ci and v′(x) ≤ ci and v(x) = v′(x).

Next, we define the relation ' as follows: v ' v′ iff v 'i v
′, for every

i ∈ A ∪ {E}. Obviously, ' is an equivalence relation. It is easy to see that
equivalent clock valuations satisfy the same clock constraints that occur in
TWIS. Basing on this observation one can define the abstract model for
TWIS. Namely, let IDi = {0, . . . , ci + 1}, and ID =

⋃
i∈A∪{E} IDXi

i . For any
v ∈ ID let us define the successor succ(v) of v as follows: for each x ∈ X ,

succ(v)(x) =

 v(x) + 1, if x ∈ Xi and v(x) ≤ ci,

v(x), if x ∈ Xi and v(x) > ci.

Now, one can define the abstract model as a tuple M̂ = (Act, Ŝ, ι̂, T̂ , V̂, d),
where ι̂ =

∏
i∈A∪E(ιi×{0}|Xi|) is the set of all the initial global states, Ŝ =∏

i∈A∪E(Li× ID
|Xi|
i ) is the set of all the abstract global states. V̂ : Ŝ → 2AP

is the valuation function such that: p ∈ V̂(ŝ) iff p ∈
⋃

i∈A∪E V̂i(li(ŝ)) for all
p ∈ AP; and T̂ ⊆ Ŝ × (Act ∪ τ)× Ŝ. Let a ∈ Act. Then, action transition
is defined as (ŝ, a, ŝ′) ∈ T̂ iff ∀i∈A∃φi∈C(Xi)∃X ′

i⊆Xi
(ti(li(ŝ), φi,X ′i , a) = li(ŝ

′)

and vi |= φi ∧ I(li(ŝ)) and v′i(ŝ
′) = vi(ŝ)[X ′i := 0] and v′i(ŝ

′) |= I(li(ŝ
′)));

time transition is defined as (ŝ, τ, ŝ′) ∈ T̂ iff ∀i∈A∪E(li(ŝ) = li(ŝ
′)) and

vi(ŝ) |= I(li(ŝ)) and succ(vi(ŝ)) |= I(li(ŝ))) and ∀i∈A(v′i(ŝ
′) = succ(vi(ŝ

′)))
and (v′E(ŝ

′) = succ(vE(ŝ))). Given an abstract model one can define for any
agent i the indistinguishability relation ∼i⊆ Ŝ × Ŝ as follows: ŝ ∼i ŝ

′ iff
li(ŝ
′) = li(ŝ) and vi(ŝ′) = vi(ŝ). An abstract path π̂ in an abstract model is

a sequence ŝ0
b1−→ ŝ1

b2−→ ŝ2
b3−→ . . . of transitions such that for each i > 1,

bi ∈ Act ∪ {τ} and b1 = τ and for each two consecutive transitions at least
one of them is a time transition. Next, π̂[j..m] denotes the finite sequence
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ŝj
δj+1,aj+1−→ ŝj+1

δj+2,aj+2−→ . . . ŝm with m− j transitions and m− j + 1 states,
and Dπ̂[j..m] denotes the (cumulative) weight of π̂[j..m] that is defined as
d(aj+1) + . . . + d(am) (hence 0 when j = m). The set of all the paths
starting at ŝ ∈ Ŝ is denoted by Π̂(ŝ), and the set of all the paths starting
at an initial state is denoted by Π̂ =

⋃
ŝ0∈ι̂ Π̂(ŝ0).

2.5.1. WELTLK.. Let I be an interval in IN of the form: [a, b) or [a,∞), for
a, b ∈ IN and a 6= b. WELTLK is the existential fragment of WLTLK [11],
defined by the grammar: ϕ ::= true | false | p | ¬p | ϕ ∧ ϕ | ϕ ∨ ϕ | XIϕ |
ϕUIϕ | ϕRIϕ | Kiϕ | EΓϕ | DΓϕ | CΓϕ.
The semantics of WELTLK is the following. A WELTLK formula ϕ is true
along the abstract path π̂ in the abstract model M̂ (in symbols M̂, π̂ |= ϕ)
iff M̂, π̂0 |= ϕ, where:

• M̂, π̂m |= XIα iff Dπ̂[m..m+ 1] ∈ I andM̂, π̂m+1 |= α,
• M̂, π̂m |= αUIβ iff (∃i ≥ m)(Dπ̂[m..i] ∈ I and M̂, π̂i |= β and

(∀m ≤ j < i)M̂, π̂j |= α),
• M̂, π̂m |= αRIβ iff (∀i ≥ m)(Dπ̂[m..i] ∈ I implies M̂, π̂i |= β) or

(∃i ≥ m) (Dπ̂[m..i] ∈ I and M̂, π̂i |= α and (∀m ≤ j ≤ i)M̂, π̂j |=
β),
• M̂, π̂m |= Kiα iff (∃π̂′ ∈ Π̂)(∃i ≥ 0)(π̂′(i) ∼i π̂(m) and M̂, π̂′i 6|= α).
• M̂, π̂m |= Y Γα iff (∃π̂′ ∈ Π̂)(∃i ≥ 0)(π̂′(i) ∼YΓ π̂(m) and M̂, π̂′i 6|=
α), where Y ∈ {D,E,C}.

Theorem 1. Let TWIS be a timed weighted interpreted system, M be a
concrete model for TWIS, ϕ WELTLK formula, and M̂ the abstract model
for TWISϕ. Then,M |= Eϕ iff M̂ |= Eϕ.

3. Bounded Model Checking

The SMT-based Bounded Model Checking (BMC) is a popular model
checking technique for the verification of concurrent systems, real-time sys-
tems and multi-agent systems.. We have given a model M, an existen-
tial modal formula ϕ, and a non-negative bound k, the SMT-based BMC
consists in searching for a non-empty set of paths of length k that consti-
tute a witness for the checked property ϕ. In particular, the SMT-based
bounded model checking algorithms generate a quantifier-free first order
formula which is satisfiable if and only if the mentioned set of paths exist.
The quantifier-free first order formula is usually obtained as a combina-
tion of an encoding of the unfolding of the transition relation of the given
model, and an SMT- encoding of the property in question. If the generated
quantifier-free first order formula is not satisfiable, then k is incremented
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until either the problem becomes intractable due to the complexity of solv-
ing the corresponding SMT instance, or k reaches the upper bound of the
bounded model checking problem for the language under consideration.

The SMT-based BMC is based on so called bounded semantics, which are
the base of translations of specifications to the SMT-problem. In definitions
of the bounded semantics one needs to represent cycles in models in a special
way. To this aim k-paths, i.e., finite paths of length k, and loops are defined.
These definitions have evolved over the last decade, and they have had a
major impact on the effectiveness of the BMC encodings.

The SMT-based BMC method for WELTLK was introduced in [13]. In
this paper we use implementation of the SMT-based BMC for WELTLK
that was presented in [14].

4. Experimental Results

In this section we experimentally evaluate the performance of four SMT-
solvers for SMT-based BMC encoding for WELTLK over the TWIS seman-
tics. We compare our experimental results with each other. We have con-
ducted the experiments using two benchmarks: the timed weighted generic
pipeline paradigm (TWGPP) TWIS model [12] and weighted timed train
controller system (TWTCS) TWIS model [14]. We would like to point out
that both benchmarks are very useful and scalable examples.
TWGPP. The specifications we consider are as follows:

•ϕ1 = F[0,∞)(G[0,∞)(¬ConsReady)), which expresses that there exist a
computation that always Consumer is ready to ready to consuming the
data.
•ϕ2= KPG[Min,Min+1)ConsFree, which expresses that Producer knows
that always the cost of receiving by Consumer the commodity is Min.
•ϕ3= KPG

(
ProdSend → KCKPF[0,Min−dP (Produce))ConsFree

)
, which

states that Producer knows that always if she/he produces a commodity,
then Consumer knows that Producer knows that Consumer has received
the commodity and the cost is less than Min− dP (Produce).
•ϕ4= KCG

(
ProdReady → X[dP (Produce),dP (Produce)+1)ProdSend

)
, which

expresses that Consumer knows that the cost of producing of a commodity
by Producer is dP (Produce).
•ϕ5 = G

(
ProdSend → KCKP (ConsStart ∨ ConsReady)

)
, which express

that always if Producer produces the data then Consumer knows that Pro-
ducer knows that Consumer started his job or Consumer is ready to con-
suming the data.
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TWTCS. The specifications we consider are as follows for w ∈ {1, 106}:
•φ1 = G[28·w,∞)

(∧n−1
j=1

∧n
j=i+1(tunneli ∨ tunnelj)

)
, which expresses that

the system satisfies mutual exclusion property.
•φ2 = G[0,15·w)

(
tunnel1 → KT1

(
G(
∧n
j=2 ¬tunnelj)

))
, which expresses that

always if the Train1 enters its critical section, then it knows that always
in the future no other train will enter its critical section.
Note, that we describe specifications as universal formulae, for which we

verify the corresponding counterexample formulae that are interpreted ex-
istentially and belong to WELTLK. Moreover, for every specification given,
the corresponding WELTLK formula holds in the model of the benchmark.

4.1. Performance evaluation. We have performed our experimental re-
sults on a computer equipped with I7-5500U processor, 12 GB of RAM, and
the operating system Ubuntu Linux with the kernel 4.4.0. Our SMT-based
algorithm is implemented as standalone program written in the program-
ming language C++. We used the state of the art SMT-solvers: Z3, Yices,
Mathsat, and CVC4.

We will not analyse experimental results for CVC4 and MathSAT. The
time and memory usage for this two SMT-solvers was really high. We
did not expect this, because according to SMT-competition this two SMT-
solvers are the best one. It was very unexpected.

4.1.1. TWGPP.. As one can see from the line charts (Fig. 1) Z3 won this
comparison. The number of the considered k-paths is equal to 1. The length
of the witness is 2(2n + 3), where n is the number of nodes. In every case
Yices2 uses less memory than Z3.

Also in this case (Fig. 2) Z3 won this comparison. The number of the
considered k-paths is equal to 2. The length of the witness is 6 for n = 1,
10 for n = 2, 12 for n = 3 and n = 4, 14 for n = 5, 16 for n = 6 and n = 7,
and 18 for n = 8 and n = 9, where n is the number of nodes.

Yices2 won a comparison for the formulae ϕ3 (Fig. 3), ϕ4 (Fig. 4) and
ϕ5 (Fig. 5). The number of the considered k-paths for the formula ϕ3 is
equal to 3. The length of the witness is 4(n+ 2), where n is the number of
nodes. The number of the considered k-paths for the formula ϕ4 is equal
to 4. The length of the witness is 6. The number of the considered k-paths
for the formula ϕ5 is equal to 2. The length of the witness is 8.

4.1.2. TWTCS.. In this case Z3 performed better than Yices2. As one can
see from the line charts (Fig. 6) Z3 won this comparison. The number of
the considered k-paths for the formula ψ1 is equal to 1. The length of the
witness is 14. The number of the considered k-paths for the formula ψ2 is
equal to 2. The length of the witness is 14.
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Figure 1. ϕ1: SMT-based BMC: TWGPP with n nodes.
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5. Conclusions

We have experimentally evaluated the SMT-based BMC approach for
WELTLK interpreted over the timed weighted interpreted systems. The
experimental results show that the Z3 SMT-solver in more cases is better
than Yices2 SMT-solver when we compare time usage, but when we compare
memory usage Yices2 is better. In general the Z3 approach appears to be
superior for the both systems, while the Yices2 approach appears to be
superior only for three formulae for the TWGPP system. This is a novel
and interesting result.

In the tables 5 and 2 we showed the winners of our comparison.

SMT-solver time usage
Yices2 Z3

formula basic weights basic weights
1 106 1 106

ϕ1 x x
ϕ2 x x
ϕ3 x x
ϕ4 x x
ϕ5 x x
φ1 x x
φ2 x x

Table 1. The winners for all the benchmarks.

SMT-solver memory usage
Yices2 Z3

formula basic weights basic weights
1 106 1 106

ϕ1 x x
ϕ2 x x
ϕ3 x x
ϕ4 x x
ϕ5 x x
φ1 x x
φ2 x x

Table 2. The winners for all the benchmarks.
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